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Abstract 

We consider the Rcgge limit of a CFT correlation function of two vector and two scalar 
operators, as appropriate to study small-x deep inelastic scattering in M = 4 SYM or in QCD 
assuming approximate conformal symmetry. After clarifying the nature of the Regge limit for 
a CFT correlator, we use its conformal partial wave expansion to obtain an impact parameter 
representation encoding the exchange of a spin j Reggeon for any value of the coupling constant. 
The CFT impact parameter space is the three-dimensional hyperbolic space H 3 , which is the im- 
pact parameter space for high energy scattering in the dual AdS space. We determine the small-x 
structure functions associated to the exchange of a Reggeon. We discuss unitarization from the 
point of view of scattering in AdS and comment on the validity of the eikonal approximation. 

We then focus on the weak coupling limit of the theory where the amplitude is dominated 
by the exchange of the BFKL pomeron. Conformal invariance fixes the form of the vector 
impact factor and its decomposition in transverse spin and spin 2 components. Our formalism 
reproduces exactly the general results predict by the Regge theory, both for a scalar target and 
for 7* — 7* scattering. We compute current impact factors for the specific examples of M = 4 
SYM and QCD, obtaining very simple results. In the case of the R-current of N = 4 SYM, we 
show that the transverse spin 2 component vanishes. We conjecture that the impact factors of 
all chiral primary operators of M = 4 SYM only have components with transverse spin. 
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1 Introduction 



The QCD Regge limit of high center of mass energy, with other kinematical invariants kept fixed 
and larger than Aqqd, is greatly simplified by the smallness of the coupling and the approximate 
conformal invariance of the theory. This is the case in deep inelastic scattering (DIS) experiments 
in the limit of vanishing Bjorken x, at fixed and large photon virtuality Q 2 with Q 3> Aqqd- In 
this case the important observable that contains information regarding the scattering process is the 
correlation function 

A a \yi) = (f(yi)0(y 2 )j b (y 3 )0(y 4 )) , (1) 

where j a is a vector operator of dimension £, given in QCD by the quark electromagnetic current 
operator j a = ip^f a ip, of dimension £ = 3. The scalar operator O of dimension A creates a state 
that represents the target hadron. 

Although a s is small for large photon virtualities, in low x DIS one still needs to resum many 
diagrams because of the kinematical enhancement in ln(l/x), so that, in this sense, the dynamics is 
still strongly coupled. For instance, the power like growth in 1/x of the cross section is determined 
by the exchange of a pomeron [l]-[3] between the quark dipole created by the photon [4] and the 
target hadron, which resums diagrams of the order of (a s ln(l/x)) n . This growth breaks unitarity 
and leads to gluon saturation in the target hadron structure functions [5 11, which for large Q still 



occurs for small coupling a s 12 . In this kinematical regime of approximate conformal symmetry, 



a proposal for restoring unitary of the amplitude was given in 113 , based on a conformal phase 



shift derived from the dual strong coupling picture as a scattering process in AdS space [14-18 
At weak coupling, the growth of the imaginary part of the conformal phase shift leads in general 
to saturation, giving a prediction for the data inside the saturation region, where at present the 
resumation of Feynman diagrams is not under control, as shown in detail in [l3| for external scalar 
operators. This paper develops the necessary techniques to include photon polarization in this 
analysis. 

We will assume throughout conformal invariance and we will write the general form of the 
correlator ([I]) in the planar limit, exploring its CFT Regge limit, as dictated by conformal symmetry 
and for any value of the 't Hooft coupling. To define an effective hadron in the conformal theory, we 
shall then consider the above correlation function in momentum space with a spacelike momentum 
for the operator O with virtuality Q 2 set by Aqqd- To make conformal invariance manifest, it 
is useful to apply different conformal transformations, yi —> Xi, to each of the external points in 
the correlator [l9j. Then the CFT Regge limit corresponds simply to taking small Xj's. These 
new coordinates can be understood by realizing the conformal symmetry on a dual AdS space, 
where they correspond to parametrizing each external point close to the origin of different Poincare 
patches. Then, defining x ~ x\ — xj, and x ~ x 2 — X4, we will show that the contribution of a Regge 
pole to the amplitude has the form 



4 r 

A mn (x,x) « -2vrf^ / du 

k=0 J 



a k (v)V™ n n iu (x,x) 
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where j{u) is the spin of the Reggeon and otk{v) are the corresponding residues. The tensor structure 
of the amplitude is fixed by conformal invariance and is best expressed in terms of four differential 
operators T>™ n of the variable x acting on a function Qi u (x, x), as we shall explain. We will then 
be able to write the contribution of a Regge pole to the structure functions of the target hadron 
in terms of the spin j(y) and residues a^iy). This analysis is carried in section 2, while the more 
technical derivation of the general form of the correlator ([!]) in a CFT is presented in section 3. 
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The general form of the amplitude ([!]) in a CFT for any value of the coupling constant is also 
relevant to the strong coupling regime of DIS, to the extent that one considers graviton exchange 
in the dual AdS space and breaks conformal invariance by simulating confinement with the hadron 



wave function 20 -26 . Other ways of simulating confinement at strong coupling in DIS include the 



hard and soft wall models 27-30 



At high energies the kinematics of the external operators breaks the full conformal group to the 
residual transverse conformal group SO(3, 1) that acts on the two-dimensional space M 2 transverse 
to the scattering plane. We explore this residual symmetry in the weak coupling regime, where the 
amplitude is dominated by the exchange of a hard pomeron of spin 1. In this limit the amplitude 
factorizes as the product of the BFKL propagator F [l]-[3] times impact factors V mn and V, all 
integrated over transverse space. More precisely, defining a reduced amplitude A mn = (x 2 ^x 2A )A mn , 
we will see that the amplitude has the following form 

Amn (n .= i \„_ 1 f dzi±dzs± dz 2± dz i± 

y\ {£,£) ~ 2 / , N 4 / -,4 

iV JR 2 {Zl± - Z 3 _l) {Z 2 ±-Z4±) 

V mn (x, z 1± , z 3± ) F(z 1± , z 3±: z 2± , z 4± ) V(x, z 2±: z 4± ) , 

generalising previous results for external scalar operators 131]. We shall then focus on the vector 
impact factor, which can in general be written as a linear combination of five given conformal tensor 
structures I™ n , with coefficients depending on a single cross ratio u. The most natural basis, given 
by a decomposition in conformal transverse spin, has four components with transverse spin and 
one with transverse spin 2. With this decomposition, and with the decomposition of the BFKL 
propagator in transverse conformal blocks of definite spin |32| , it is simple to relate the above 
BFKL and Regge forms of the amplitude, therefore determining the residues afc(^). In this case 
only the four transverse spin components of the vector impact factor survive, because the spin 
2 component has no overlap with the impact factor of the scalar operator O associated with the 
target. This analysis is done in section 4. 

We also extend the above results to the four-point function of the current operator j a , relevant to 



the study of 7* —7* scattering in the Regge limit 33,341. In this case one does not need to introduce 



any scale near Aqcd, since we are probing the QCD vacuum with point like sources. The spin 2 
component of each impact factor contributes to this amplitude and we derive the corresponding 
contribution to the Regge form of the amplitude, valid for any value of the coupling constant. The 



strong coupling limit, in the case of the R-current operator of N = 4 SYM, was studied in 35 using 
the dual gravity description. 

Finally, in section 5 we show how to compute impact factors in leading order in perturbation 
theory. In particular we compute the current impact factors for QCD with a massless quark. 
Conformal invariance restricts considerably the form of this impact factor to a very simple form 



given in equation ( 82 ) bellow 



Another motivation for our work is to consider M = 4 SYM and the AdS / CFT duality 36 . In 
this context conformal invariance, and therefore the general form derived for the correlation function 
Q, as well as its form in the Regge limit, are exact. The spin of the Regge trajectory varies from 1 
to 2, corresponding to the pomeron trajectory at weak coupling and to the AdS graviton trajectory 
at strong coupling |37| . More precisely, it is the transverse spin component of the pomeron that 
becomes the graviton trajectory at strong coupling. By computing, at weak coupling, the impact 
factor for the R-current operator [38], we show that its transverse spin 2 component vanishes. The 
computation leading to this result is quite elaborate. We expect that this cancelation is related to 
supersymmetry. In fact, since at strong coupling the graviton trajectory only contains the transverse 
spin component of the pomeron trajectory, it is natural to expect that this holds for the all the 
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Figure 1: Conformal compactification of the (y + ,y ) Minkowski plane. The Regge kinematics 
corresponds to having all points close to null infinity. 

operators that are dual to the supergravity multiplet. This result leads us to conjecture that half- 
BPS single-trace operators in N = 4 SYM have impact factors without transverse conformal spin. 
We shall comment on this conjecture and give some open questions in the concluding section 6. 

2 Regge kinematics in CFTs 

Consider the correlation function ([I]) in momentum space with external momenta k{. The Regge 
limit is usually described as the limit 

s = -(ki + k 2 ) 2 ->■ oo , 

with t = — (k\ + k^) 2 and kf fixed. However, to make the conformal symmetry manifest, it is more 
convenient to define the Regge limit in position space. In the case of the four point function ([!]), 
the Regge limit corresponds to the limit where the points yi are sent to null infinity, as described 
in |19| for scalar operators. Defining light-cone coordinates in four dimensional Minkowski space 
M 4 by 

v = (y + ,y~,y±) , 

where y± is a point in transverse space M 2 , this limit is attained by sending 

y^ -oo , y^ +oo , y% -> -oo , -> +oo , 

while keeping yf and yi± fixed, as represented in figure [l] 

It is instructive to visualize the operator insertions at the positions yi on the boundary of global 
AdS, where by the AdS/CFT duality they act as sources for an AdS scattering process. We take 
the original M 4 as the central Poincare patch in figure |2^b) . Then, in the Regge limit, each yi tends 
to the origin of a different Poincare patch in the boundary of global AdS , which overlaps with 
the central patch as shown in figure [2^a). The Regge limit of the correlation function is best 
described parametrizing the position of each operator using different Poincare patches, so that the 
operators are always close to the origin of their patch |19| . Using several coordinate patches is a 
natural procedure in any CFT where, to define local operators, one needs a local coordinate system 
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(a) 



(b) 



Figure 2: (a) Conformal compactification of the (y + ,y~) Minkowski plane and its relation to the 
Poincare patches Vi- In the Regge limit the insertion points x% approach the origin of the Poincare 
patches Vi- The vertical dashed lines are identified in the boundary of AdS. (b) The yi Minkowski 
plane is shown as the central Poincare patch on the boundary of global AdS. The other patches are 
also represented. 

with a metric, but this choice of coordinate system may be different for each operator. This picture 
works both for Euclidean and Lorentzian signatures. 

To find a new parametrization of the correlation function Q we consider the conformal trans- 
formational 

Xi = (x+,Xi,x i± ) = — j (1, yf, y iA _) , i = M, (2) 

that maps the points yi and ys into the Poincare patches V\ and V3, respectively. As intended, in the 
Regge limit the points x\ and X3 approach the origin of V\ and V3. We remark that the conformal 
transformation ^ is discontinuous, mapping points with negative y + to points with positive x + in 
Vi, and points with positive y + to points with negative x + in V3. The metric transforms according 
to i 

—dy + dy~ + dy\ = „ (—dx + dx~ + dxV) . 

[x + ) z 

For the points y<i and 2/4 we consider instead the conformal transformation 

xi = (x+,xJ~,Xi±) = — — (l,yf,yi±) , i = 2,4. (3) 

Vi 

This transformation maps y% and y^ into the Poincare patches V2 and Va, respectively. Again, the 
points X2 and X4 approach the origin in the Regge limit. 

We shall study the limit X{ — )■ of the correlation function 

A™{ Xi ) = (j m (x 1 )0(x 2 )j n (x 3 )0(x 4 )) , 

where the coordinates xi parametrize the Poincare patches Vi- The original correlator A ab (yi) 
can be obtained by a simple conformal transformation. This requires taking into account the 

1 There is an implicit length scale in this transformation that makes x% dimensionless. 
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transformation rule for spin and spin 1 primary operators, 



O(y) 



dx 



dy 



0(x) 



f(y) 



dx 



dy 



dy a 
dx" 



where d is the spacetime dimension. The Jacobian of the transformation ([2j) is |y + | d , while the 
transformation (w| has Jacobian Thus, 



-A d Vi d V b 3 



dx™ dx 



A mn ( Xi ) . 



(4) 



The Xi coordinate systems are very convenient to explore the Regge limit of the correlator, 
while keeping the conformal symmetry manifest. Let us consider the action of a translation in the 
Poincare patch V\ (or V3), 



xi 



xi + a, 



X3 — > %3 + a ■ 



It corresponds to a special conformal transformation in the Poincare patch V<i (or V4), 



x 2 



X2 + X2 a 



1 + 2x2 ■ a + a 2 xi 



X4 ~\~ X 4 (X 



1 + 2x4 ■ Q> + a 2 x1 



In order to preserve the Regge limit, the translation parameter a must be small. More precisely, we 
must consider a of the same order as Xj. Therefore, points X2 and X4 are left invariant to leading 
order in the Regge limit. We conclude that the action of a small translation in the Poincare patch 
V\ is given by 



x\ — > x± + a , X3 — > X3 + a , X2 — > X2 , X4 — > X4 . 
Similarly, a small special conformal transformation in the Poincare patch V\ yields 
X\ — > X\ , X3 — > X3 , X2 — > X2 + b , X4 — > X4 + b . 



(5) 



(6) 



Lorentz transformations SO(3, 1) of the Poincare patch V\ act as Lorentz transformations in all the 
four patches Vi, 



Axi 



(7) 



This SO(3, 1) acts on the yt transverse space M 2 , with coordinates yi±, as the conformal groupj^J 
Finally, dilations in the Poincare patch V\ give 



Xl 



\xi , 



X3 



Xx 3 , 



X2 



X2 

A 



X4 



x i 



(8) 



This transformation is a 50(1,1) boost in the (y + ,y~) plane. We now wish to construct invari- 
ants under the conformal transformations ([5])-([8]). The transformations §5§ and ^ show that the 
correlator A mn (xi) only depends on the combinations 



x « xi — X3 , 



x « X2 — X4 . 



(9) 



2 This 50(3, 1) is also the isometry group of the three-dimensional hyperbolic space H3, which is the transverse 
space of the dual AdS scattering process. 
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Moreover, we can write the only two independent invariants as 



2 2—2 i X ' X 

a = x x , cosh p = — -, — rpry , (10) 



X X 



so that the Regge limit corresponds to sending a — > with p fixed. 

An alternative but less intuitive way to derive this result is to consider the standard cross ratios 
of the original correlator, 

2/122/34 2/122/34 

where yij = (y» — 2/j) 2 - We may now perform the conformal transformations on the yi to express 
the cross ratios in terms of the x%. In the above Regge limit, a simple computation shows that 

2—2 

zz = x x , z + z = —2x ■ x , 

with x and x given by ([9]). We conclude that a and p are just a convenient parametrization of the 
two conformal invariants z and z. 

To simplify our exposition we shall often assume that y\s > and 2/24 > 0. This implies that both 
x and x are future directed timelike vectors. These conditions are not essential to our discussion 
and could be dropped. 

2.1 Relation to scattering amplitude 

The usual discussions of the Regge limit consider the scattering amplitude 

(27r) d 5(j2 k ^ Tab ( k j)= [ tld yj e^-y,A ab ( yj ) . (11) 

We now wish to relate the Regge behavior of the correlation function A mn (x,x) with this more 
common approach. To that end, it is convenient to introduce the Fourier transform 

A mn (x,x) = J dpdpe- 2ip - x - 2ip - s B mn ( P ,p) . (12) 



We shall see in section 3.3 that the contribution of a Regge pole j{v) to the four point function can 
be written as 

* U St^WgT^Urt (13) 

/ I 9 (-•> ■ \A+ ]( " ) " 1 

J (x 2 — ze x ) ?+ 2 (x 2 — ze 5 ) 2 

where the differential operators T>™ n depend only on x and are given by 

m n 



V? n = rj 



x 2 



V mu = (14) 

X A 

v mn = x m d n + x n a m ^ 

VT n = x 2 d m d n + (x m d n + x n d m ) - - rj mn %- x 2 U x . 

3 \ x l I 



8 



d 

with d m = — — . The functions Sli v (p) are a basis of harmonic functions on the unit 3-dimensional 

ox m 

hyperbolic space H 3 . The coefficients afc(f) and the spin j(v) encode the dynamical information 
of the correlation function. The ie-prescription, e x = esgnx , is the appropriate one 39,40 for the 



propagator between x\ in the Poincare patches V\ and x 3 in V 3 (and similarly between points in 
V 2 and V A ). 

We compute the Fourier transform B mn (p,p) of (13) in appendix [Aj The ie-prescription in (13) 



implies that B mn (p,p) only has support on the future light-cones. The result for future directed 
timelike vectors p and p can be written as 

B mn (v v) 
B mn (n n) = - 

{-p 2 )2 ?(_^) 2 " 

with B mn given by 

B mn (p,p) « 2vri / du fiP'M" 1 £ Phiy) Vr ^ (i) , (15) 

where 

5 = 4|p||p|, coshL = -^| r . (16) 



The differential operators T)V} n have the same form as in ( 14 ) but now depend on p 



-f\mn „mn tr ¥ 

u \ — V b~ ' 

m n 
'f\mn f ¥ 

U 2 — o~ ' 



v mn = p m d n + p ng 

3 \ P 



P 4 ™ = p 2 d m d n + ( p m <9" + p n d m ) - - [ T] mn - ) p 2 D p . 



1 / n m n n , 
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with 3 m = — — . The coefficients Pk{ u ) are linear combinations of the ot}-(v), as given explicitly in 
appendix |Aj 

Using @ and Q we can write the scattering amplitude (llll) as follows 

(27r) d 8 kj^j iT^kj) = J dpdpB mn (p,p) (17) 



To compute the integrals in the second line we consider the Regge kinematics in momentum space, 

k 2 k 2 -q 2 
h-yx = -u)xy x + yi , h-y 3 = oo 3 y^ 3 1 y 3 -q±- y 3 ± , 



vt, 


h 


V3 


= w 3 y 3 


v 2 > 


k4 


2/4 


= w 4 y| 



k 2 kj-q 2 
k 2 -y 2 = -u> 2 y£ + ^j- y 2 , k 4 -y A = uj 4 yt - 4 ^ - 1 y A + g± • y 4 ± , 
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with Ui — > oo. With this choice the momentum conserving delta- function becomes 



and the Mandelstam invariants are given by s ~ Aujiuj2 and f = — q^. In this limit, the integral 
is dominated by the position space Regge kinematics of small Xi, which corresponds to large and 
positive —yf, y%, —y 2 and y7 with fixed yf and yf ± . Therefore, we can use equation ^ to factorize 
the integrals in the second line of (17). Moreover, we can restrict the y integrals to positive — y±, 

vi, ~V2 and vl ■ 

It is also convenient to parametrize p = E e and p = Ee with E and E positive and e and e 
points in 3-dimensional hyperbolic space, 

e= - (l,r 2 + ei,e ± ) , e = ^ (l,r 2 + e 2 ± ,e ± ) . (18) 

In the new coordinates = (E, r, e±) the reduced amplitude B has components 

_ 9p^ dp T j^ mn 
r ~ Q p m Q p n 

Then a simple computation shows that the amplitude T ab (kj) in (17) has the form 

iT ab (k,)^2s J dl ± e^- l -J ^^F 1 a IM (r)Ft(r)F 2 (f)F 4 (r)B^ T (S,L), (19) 



where 



_ , T r 2 + r 2 + t\ 

b = rrs , cosh.L = 



2rr 

and l± = ej_ — e± is the standard impact parameter in the field theory. 

In the representation (19), the scattering amplitude T ab (kj) is written in terms of the CFT 
reduced amplitude B^iS, L), of scalar functions F 2 and F4 associated with the operator O and of 
tensor functions Ff" and F b T associated with the vector operator j a . This conformal representation 
is quite natural from the dual AdS scattering process point of view, with transverse space given 
by the hyperbolic space ^3, whose boundary is the field theory transverse space M 2 . In the AdS 
picture the functions Fi are the radial part of the wave functions of the dual fields and the quantities 
S and L are, respectively, the AdS generalization of the energy squared and impact parameter of 
the associated geodesies. The functions F4 and F3 are defined respectively by[[] 



/ 



dy* (2/4 )" A e*^ mv * +2ip ' x * = 2^8(fu A - E) E 1 ~ A e i ^ ' Sj -F 4 (f) 



and 



^ J dy 3 ( y +)-i-* M e i*s-i/s+Mp-*a = 2V^S(ru 3 - E) E^e^ ' e ±F b T y 



dp T 

with similar expressions for F 2 and F\ . They can be expressed explicitly in terms of Bessel functions 



as shown in appendix A.l 



3 More precisely, we restrict the integration region to y 4 , 3/3" > because this is the dominant region in the Regge 
limit. 
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2.2 Structure functions 



We now consider the special case of a conserved current with £ = 3 in d = 4. Conservation means 
that the Fourier transformed amplitude B mn satisfies 

p m B mn (p,p)=p n B mn (p,p) = 0. 



From (15) we see that this condition implies ^i{y) = fiziy) = 0. In the coordinate system p^ = 
(E,r,e±), conservation gives simply B E ^ = 0. It is then natural to use the indices fi and f to 
denote only the directions tangent to the hyperboloid parametrized by e, as given in (18). Using 
this notation, the Regge form of the reduced amplitude ( 15 ), can be written in the geometrical form 

2ni I dv S j{u) ~ l 



B 



n iv (L) 



(20) 



with Va the Levi-Civita connection on the hyperboloid and hated indices are raised and lowered 
with the H3 metric. 

The structure functions are directly related to the forward scattering amplitude, with kinematics 
k\ = —k% and &2 = — &4. We also take k\ = k 2 = Q 2 to be the photon virtuality and k\ = k\ = 
Q 2 > to simulate confinement, as explained in the introduction. The Bjorken variable is 

x - Q 2 _ Q 2 

2k\ ■ ki s 

As usual, Lorentz invariance and conservation restricts T ab to the form 



■tab 



fc l fc l ^«6j ni 



Q 2[k2 + 



k c [ 
2x 



In the Regge limit explained above (x <C 1) we have 



{2u^f 

Q 2 



ni --n 2 



where the Latin indices i and j run over the transverse space M 2 directions. 

To determine the structure functions from expression (19) we need the following integral^] 



cU± ( V l V,- - Is 



dl± [ v r v r - ^ ) n iv (L) = [ (rd r ) 2 



^ + r<9 r J J dl± Q iu (L) , 
dl± Sliv{L) , 



dl± Cliv{L) = — [V " r 

47T 



+ r 1 



') 



We can then write 



T 3 « 2vr / dv 2s 

( rfs )iH-i 

T ++ «2vr j dv2s 



dr dr 

IT* 3 



F 2 (r)F 4 (r)F 1 \(r)Fnr)8 kl r 2 



2n 



(21) 



^ ^ F 2 (f) F 4 (f) F+. (r) F 3 + (r) r 2 



/8iM + 



2ii/-^ 2 /3 4 (i/) 



1 

2^ 



r l-w-l+w 



4 The last integral is subtle, but it can be denned as the zero momentum limit of the two dimensional Fourier 
transform of f2;„. 
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where we used the invariance f) = /3&(f) an d = Finally, using the explicit 

expressions for the functions F{ given in appendix A.2[ we can perform the integrals over r and f 
to obtain the Regge representation of the structure functions 



2A- 



ni - — n 2 « q 

2x 



2A- 



a!^ 71(f) x 
dt"ySj(i/)x _J 'M 



(22) 



where 71(f) and 72(f) are given explicitly in appendix A. 2 in terms of (3\ and fi^. The structure 



functions are then given by the imaginary part of IIi and H2. 



2.3 Unitarization 



When j{v) is greater than 1 the scattering amplitude ( 19 ) grows too quickly with energy and violates 
unitarity. We shall address this issue in N = 4 SYM where conformal invariance is exact and we 
have a good strong coupling description using AdS/CFT. At strong coupling and to leading order 
in the planar expansion, the high energy behavior of the scattering amplitude is dominated by one 
graviton exchange, which gives j{v) = 2 and strongly violates unitarity. In this regime, unitarity is 



recovered by including multiple graviton exchanges in the eikonal approximation 16, 17 

Let us focus on the more relevant case of conserved currents (£ = d — 1). In the bulk, we are 
considering elastic scattering of a scalar particle and a gauge boson. The physical polarizations 
of the gauge boson, which we label with p,, f, are the directions along the (d — l)-dimensional 
hyperboloid transverse to the scattering plane. Then, the eikonal approximation in AdS gives rise 
to ^ with B%{S,L) replaced by 



Jx(S,L) 



where X^AS, L) is the phase shift matrix for the scattering process in AdS and N is a normalization 
constant that we shall fix below. Then the correlation function has the form 



dp m dp r ' 



r g—2ip-x—2ip-x 

(x, x) = N I dp dp -3 -f 

1 Ju (- p 2)l-f(_^2)f-AdpMdp f 



JX{S,L) 



(23) 



where the integration is over future directed vectors (Milne wedge). We recall that in the AdS 



process the quantities S and L given in (16) are, respectively, the generalization of the energy 



squared and impact parameter of the associated geodesies. The constant ftf can be fixed by matching 
the disconnected correlator with zero phase shift, 

r p —2ip-x—2ip-x f)r) m Bn n 

fal^DW^W) =M X** ( _^H(-?)<-a ££ ■ 

The integrals over p and p factorize and can be done explicitly (see appendix B of [16] ) . Using 

dp m dp n mn p m p n 
dpf 1 dpjx 

and the normalization of the external operators 

1 



p- 



2„mn 



(0(x 2 )0(x A )} 



(x 2 - ie s y 



(j m ( Xl )f(x3)) 



XT] 



2x m x r 



(24) 
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we obtain 



TV 



47r 2 - d (d - 2) 



r(d)r(f)r(A)r(A-f + 1) ' 

We can also determine the phase shift associated to the exchange of a Reggeon by matching 



equation (20) to the second term in the expansion of the exponential e tx , with the result 



XMS,L) 



2vr 
77 



1 



8^ 



a lu (L) 



This is a phase shift of order 1/iV 2 in 't Hooft's expansion and therefore corresponds to a tree level 
process in the dual string theory. In other words, the exponentiation of this phase shift corresponds 
to the eikonal approximation in AdS where the external states scatter elastically by the exchange of 
multiple soft Reggeons (the graviton at strong coupling and the hard pomeron at weak coupling). 
Let us now comment on the validity of this approximation. 

We shall analyze this issue by considering large and fixed S and decreasing the impact parameter 



L. The spirit will be similar to the discussion 41 of high energy scattering in flat space. In units 
where the AdS radius is 1, and for AdS impact parameter L > 1, the Reggeon phase shift is 
approximately given by 



X 



N 2 



s j °- 



1 e- aL 



(25) 



where a, b and jo > 1 are functions of the 't Hooft coupling g 2 . At weak coupling, this generic form 
can be obtained by a saddle point approximation to the integral over v. At strong coupling, the 
same generic form describes the contribution of the gravi-reggeon dominant pole (jo = 2 — 0(1/ g)) 
at large impact parameter. The parameter a is of order 1 both at weak and strong coupling. We 
also assume that S is large enough so that the phase shift can become large for some L > 1. We 
have dropped the index structure and powers of L and log S because they are not important for the 
argument we want to make. 

At very large impact parameter L, the phase shift is very small and the scattering amplitude 
is dominated by single Reggeon exchange. Then, as we decrease the impact parameter, there are 
three important transitions. The first transition corresponds to the eikonal exchange of multiple 
Reggeons. The impact parameter where this process becomes important can be estimated by 



X(S,L 



eik ) 



1 



The second transition corresponds to tidal excitation of the scattering strings. When the tidal forces 
induced by one string on the other become stronger than the string tension, the string can change 
their internal state. This crossover can be estimated by the condition 



d 2 X 
8L 2 



(S, L t id) ~ string tension ~ g . 



The third transition corresponds to the breakdown of the eikonal approximation when the momen- 
tum transfer ~ QlX is °f order or greater than the center-of-mass energy ~ \^S, 



dx 
dL 



(S, Lbh) 



S 



In flat space, this condition corresponds to black hole formation for impact parameters smaller that 
the Schwarzschild radius associated with the total energy of the scattering process. The eikonal 
approximation breaks down for L < or L < L^h- 
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Using the approximation (25) we obtain 



L eik ~ - log — —5— , L eik - L tid log g . 

Notice that the difference L e ik—Lud is independent of S. This is in sharp contrast with what happens 
in flat space. The source of this qualitatively different behavior is that in AdS, the phase shift decays 
exponentially with the impact parameter L (for L S> 1) and in flat space it decays with a power 
law. The fact that in AdS these two effects appear at the same impact parameter, parametrically 
in S, was noticed before in |20| . This limits the validity of the eikonal approximation in AdS to a 
rather small interval of impact parameters < L < L e ^. The situation is even worst at small 
g where Lad > L e ik and it seems that the eikonal approximation is never useful. Nevertheless, we 



can still use the representation (23) of the correlator, which only relies on conformal symmetry. At 
weak coupling one does not expect the phase shift x to be dictated by the tree level result, but one 
still expects that a black disk in a conformal field theory (dual to an AdS black disk) corresponds 



to a large imaginary phase shift. This basic input was used in 13 to successfully fit available 
experimental data for the proton structure function at small-x inside the saturation region. 
Finally, let us consider the critical impact parameter for black hole formation 

1 bs j °-'l 

L bh ~ - log . 
a I\ z 

When jo < I increasing the energy does not increase L^h as expected from the gravitational intu- 

3 
j 



ition. Indeed, for jo < | black hole formation should be irrelevant for all impact parameters 37 



Furthermore, jo is bounded from above by the intercept j(0). As the 't Hooft coupling g 2 varies 
from to 00 and the intercept j(0) goes from 1 to 2, there must be a critical value g c for which 
j(0) = |. Therefore, black hole production should be absent in high energy scattering at weak 
coupling g < g c [42]. On the other hand, for g > g c there is black hole formation in the scattering 
process. 

2.4 Example 

We shall now illustrate the use of the previous formulas in a particular example in J\f = 4 SYM. We 
consider the R-current as the vector operator and TrZ 2 as our scalar operator with A = 2. Using 
the results of [31] and of sections [4] and [5] of this paper, for operators normalized as in (24) we found 
the weak coupling expressions, 

^ 4 (i^ 2 + 19)tanh(^) i 9 4 (i/ 2 -ll)tanh(^) 
~ 192A^ cosh 2 (^) ' ^ ~ 128iVWsh 2 (^) ' 

5^ 4 tanh(^) , i 5 4 tanh(^) 



1287V 2 z/cosh 2 {Tf) ' v ; 128iV 2 ^cosh 2 {Jf) ' 

where g 2 = 5y M A r is the 't Hooft coupling. The Reggeon spin is the well known n = component 
of the BFKL spin 

g 2 ( n~r / -1 \ t + T ( \ — iv 



Using the formulas in appendix |Aj we can determine the functions /3fc(^). This gives $2 = 
/?3 = as expected for a conserved current. However, we also get P4 = which is not required by 
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conservation. Indeed, the only non-zero (3^ is 



_ 2^tanh( ¥ ) 
V 1 N 2 ^v{v 2 + lf 

This gives rise to a purely diagonal phase shift 



It is interesting to compare this result with the result at strong coupling 

X M - (S, L) ocS^jp f du ^T^l ' 

computed in |26| by studying the propagation of a gauge boson across a gravitational shockwave 
produced by the very energetic scalar particle. At strong coupling, the Reggeon is just the graviton 
with spin j{y) = 2 and the dependence on the impact parameter is given by the scalar propagator 
in H%. The diagonal nature of the phase shift at strong coupling is easy to understand from the 
form of the gauge field energy-momentum tensor that couples to the graviton. The fact that the 
phase shift is also diagonal at weak coupling suggests that this property holds for all values of the 
coupling. 



One can also compute 



IV 



7i iy) = — -72 0) , 72 H 



ivrV {v 2 + 1) sinh 2 (^) 



^ 128iV 2 ^ 2 (v 2 + 4) cosh 4 



to leading order in g 2 , therefore determining the Regge representation (22 ) of the structure functions. 



3 CFT amplitude 

In this section we shall analyze the general form of the four-point correlation function A mn (xi), 
where we recall that the points Xi are taken on different Poincare patches. The vector can be a 
conserved current only for £ = d — 1, where d is the space-time dimension. For now we leave d as 
arbitrary and specify to d = 4 later on. The general form of A mn (xi) here derived is actually exact 
for any CFT, before the Regge limit. Then we will consider the correlation function in the CFT 
Regge limit. 



This section is rather technical and uses the embedding formalism 143 44 that we develop in 



a separate publication 45 . Here the goal is to justify the Regge form of the amplitude already 



written in (13). The reader may wish to skip the technicalities, jumping to section 3.3 bellow. 

We shall now introduce very briefly the necessary notation used in the embedding formalism. 
Let P G M 2 ' rf be a point in the embedding space. Points in physical space-time are identified with 
null vectors in R 2 ' d up to the re-scallings 

P 2 = , P ~ XP (A > 0) . 

In the following we shall use light-cone coordinates 

pM = (jH^p-^pm^ 
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with P m 6 M . In these coordinates the metric takes the form 

p. P = VMN P M P N = -P+P- + Vmn P m P n . 

We shall consider the projection of embedding points to different Poincare patches, for example, to 
the Poincare patch 

P M = (l,x 2 ,x m ), 

where x E M d . Given two points in the same Poincare patch, we have that 



Pij — • Pj — (x^ ^jj) 



2 



is the Lorentzian distance in the physical space 

In the embedding formalism we start by defining the embedding amplitude 



Amn(Pi, 



iM N (Pi) = A - (26) 



After some specific choices of light cone sections for the external points, the physical amplitude is 
given by the projection 

. , , dPf dPf . 

Amn{Xi) = ~Q~n A MN{Pi) ■ 



In (26) the embedding reduced amplitude Amn depends on all the external points Pi, has weight 
zero under any re-scalling Pi — > XPi of a point Pi, satisfies the orthogonality conditions 

Pi 1 Amn = , Pi 4 Amn = , (27) 

and is defined up to the equivalence 

Amn ~ Amn + PimRn + P3nSm , (28) 

since both tensors have the same projection to the light-cone sections. 

The problem of finding the generic form of the amplitude reduces to finding the most general 
embedding tensor Amn, which will have the form 



Amn = ^2 fk(z, z) T MN , 



A' 



where the fk(z, z) are functions of the cross ratios 

zz =p-p-> (1 -*)(!-*) = p-p-- 

-T12-T34 -T12-T34 

Thus, after finding all possible tensor structures T MN , all the dynamical information regarding the 
amplitude is contained in the functions fk(z, z). The physical amplitude is simply given by 

mnK l) ~ (Pl 3 )«(^24) A ' 1 ' 

with reduced amplitude 

A mn (xi) = ^ ^ fk( z > z) t mn {xi) , 
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where 



A x i) 



(Pi)- 



dPf dP-f 

V ± MN\ r i 

There are five independent weight zero tensor structures T MN satisfying conditions (27) and 



(28). However, we must impose the additional symmetry constraint 

A MN (P 1 ,P 2 , P 3 , Pi) = A NM (P3, P%, Pi, Pa) = Amn(Pi,Pa, Ps, P2) , 

coming from invariance under exchange of points Pi and P3 , and also under exchange of points P2 
and P4. For both transformations the action on the cross ratios is 



z - 1 



z- 1 



These symmetries reduce the number of independent tensor structures to four and impose constrains 
on the corresponding functions fk(z,z). To write these tensors it is convenient to define the basic 
weight zero building block 



iij) 



MN 



Pli pM p N 
PuPsi * j ' 



(i + ^,3 + 3). 



Then, the four independent tensors T^ N can be chosen to be 

Pmn = Vmn + 2(31)AfAr , 

T 2 MN = {22) MN + (44) M N - (24) 

MN 

1 



1 



{Tl IN + T A MN ) = (2l) MN + {U) 
'Tl IN -Tt IN ) = (41) MN + (32) 



MN 



MN 



(31)m 



(31) 



MN 



MN 



(42) A /7V 

(24) MN 
(42)a/tv 



Under the exchange of points Pi and P3, or of points P% and P4, we have 

(A; = 1,2, 3) 



Tik 
MN 



rpk 

A MN , 



J-MN 

Thus, exchange symmetry implies that 

fk(z,z) = fk 
U(z,z) = -U 



z 



- MN ■ 



Z 



z-Y z-1 

z z 



(A; = 1,2,3) 



z-Y z-1 



(30) 



(31) 



We conclude that the general form of the amplitude is determined by these four functions, with the 
embedding reduced amplitude given by 

Amn = h(z, z) 7] MN + 2(31) M N + h(z, z) (22) M N + (^)mn - (24) M iv - (42) M jv 
+ [Hz, z) + f 4 (z, z)) [(21) M N + (34) M jv - (31 W - (24) M iv 
+ (h(z,z) - fa(z,z)) \{41)mn + (32) M N - (31) MN - (42) MN 
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In [45] we show that, when the vector primary is a conserved current of dimension £ = d 
the projection to the light cone sections of the embedding conservation equation 



d M A MN = , (32) 



gives precisely the usual Ward identity d m A mn = 0. Equation (32) gives three differential equations 
involving the functions of the cross ratios h(z, z), arising from the coefficients multiplying Pj" , PJ? 
and Pf, since the term proportional to P^ is pure gauge. It turns out that only two of these 
equations are linearly independent, so that we have two differential equations implied by current 
conservation 

(d - 1) ((1 + (1 - z)(l - z))h ~ (z(l -z) + s)/ 4 ) 
+ 2 (1 ~^~ Z)Z2 dfx ~ (1 " z){2 - z)z dh + (1 - z)zz 8U 

+ 2 (1 ~ Z _ )(1 ~ Z)Z2 dh - (1 - z){2 - z)zdh + (1 - z)zzdf 4 = , (33) 



z — z 




(l-z)(l- 


z)z 2 


z — z 




2){z + z- 


zz)f 2 


(l-z)(l- 


z)z t 


z — z 




(l-z)(l- 


z)z - 



- 2 ^ n _ ' dh - (1 - z)z-z df 2 + (1 - z)(l - f )z(a/ 3 + 5/ 4 ) 

x — z 

- 2 (1 ~ Z )^~ Z)Z Bh - (1 - z)^ df 2 + (l-z)(l- z)z{3h + dh) = . 
3.1 Kinematics 

Now we define the kinematics of the embedding external points, as appropriate to study the CFT 
Regge limit of section [2] First we parametrize the external points Pi in the the central Poincare 
patch with the embedding coordinates 

P A = (y + ,y-,l,y 2 ,y ± ), (34) 

where the coordinates of the external points in the physical Minkowski space M. d are given by 
y a = (y \U~ >y±)- However, we are interested in parameterizing these points in different Poincare 
patches, with coordinates Xi, such that each point sits close to the origin of the corresponding patch, 
as explained in section [2] In the embedding formalism this corresponds to the choice 

P^ = , P^ 1 = (x 2 , 1, — x™) , (35) 

where xf 1 = (xf , x~ , X{± ) . An easy and elegant way to derive the conformal transformations 
between the y{ and the Xi given in ^ and ^ is to equate (34) and (35) for each point, and then 
use the identification P ~ XP (A > 0). 

Let us now comment on the exactness of the general form of the amplitude that will be presented 
bellow. We can use conformal invariance to fix the two external points x\ and X4 to the origin, and 
then define x = —X3 and x = X2, so that 

Pf = (-1,0,0), P 2 M = {-x*,-l,x m ) , 

P 3 M ={l,x\x m ) , Pf = (0,1,0). (36) 

After projecting the embedding amplitude to these light-cone sections, we will obtain an exact 
expression for the general form of the amplitude, which is manifestly invariant under the residual 
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transverse conformal group SO(l, 1) x 50(3, 1). Hence the general form of the amplitude presented 
bellow is exact. When taking the Regge limit, we may then choose instead the more symmetric 



choice with x ~ x\ — x% and x ~ X2 — X4, which corresponds to the choice of light-cone sections ( 35 ) 
given in the previous paragraph. 



To project the different tensor structures Tmn given in (30) to the light-cone sections (36) we 
need to compute 



dxf " 



(0,-2xi m ,^) = (0,0,<5«) 



0,-2x 3 „,^) = (o,-2z n ,0*) 



d(-x%) 

Then the projection t mn to the above light-cone sections simplifies to 

tmn — 2x n T' m _ -|- T mn . 



Noting that (36) gives 



"23 



Pi 2 — 1 1 Pl3 

-1 — 2x ■ x — x 2 x 2 , 



P; 



24 



Pl4 

-x 2 , 



P34 = 1 , 



a simple computation yields 



Vn 



x- 



+ 



2 -2 - 

rp** ty*- 1 ry np 



(t 3 +t 4 ' 



(t 3 -t 4 ^ 



1 + 2x ■ x + x 2 x 2 1 + 2x ■ x + x 2 x 2 



T" X n X r 



X" 
X 2 



1 + 2x ■ X + X 2 X 2 



1 + 2x ■ x + arcc' 



2-2 



All tensors are invariant under the residual scale invariance and transform as tensors under the 
residual SO (3, 1). 

We arrive at the final result for the amplitude in the Lorentzian kinematical setting of interest 



with 



A, 



•Aran \JE j 



{x 2 — ie x )€(x 2 — l€x) A ' 



(37) 



k=l 



fk(<r, P) t mn (x,x) 



where a and p are the 50(1, 1) x 50(3, 1) cross ratios defined in (10). In (29) we have been careless 



about the choice of the ie-prescription determining the branch cuts in the denominator. The correct 



ie-prescription is the one of the two-point function and was studied in detail in 39,40 . In (37) 



we have inserted the appropriate ie for the kinematical choice (36), as already done in (13) of 



section 2.1 This is the general form of the four-point correlation function as dictated by conformal 
symmetry. 
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3.2 Regge limit 

As explained in section [2j the high energy CFT Regge limit is defined by X{ — > (or a — > with p 
fixed). In this limit the above t mn tensor structures simplify to 

1 _ 9 x m x n 



X z 

X L 

l mn = 2 —jT~ + LA ") ) 



t mn = a + U(a ) , 



X 

mn = a \x~\\x~\ ^ ' ' 

It is now clear that the behaviour of the amplitude will depend on the expansion in powers of a of the 
functions /fc(<7, p), as these contain all the dynamical information. In particular, we are interested in 
the leading behaviour of fk(&,p) when a particle of spin J is exchanged in the t-channel. Since the 
amplitude can be expanded in conformal partial waves of definite spin and conformal dimension, 
one way to derive the behaviour of the functions (a, p) is to study the Regge limit of the t-channel 
conformal partial waves of spin J. The general construction of the conformal partial wave expansion 
using the embedding formalism is given in |45| . For the present purposes all we need to know is 
that, in the limit of a — > 0, the functions /jt(cr, p) associated to an exchange of a spin J state have 
the expansion 

f 1 (a,p) = E(p)a 1 - J + 0(a 2 ~ J ), 

f 2 (a,p) = G(p)a- 1 - J + 0(a~ J ), (38) 



h(a,p)=H(p)a- J + 0(a 1 - J ) 



h(a,p)=(E(p) + ^l\ a^ + 0(a^) 



for some functions E(p), F{p), G(p) and H(p), which depend on the conformal dimension of the 
exchanged state and whose explicit form is not important for the present argument. We refer the 
reader to appendix [B] for a proof of this result. 

Thus, we finally arrive at a very simple form of the reduced amplitude A mn for a spin J conformal 
partial wave in the Regge limit, 



1-J 



E{p) 7] mn + F{p) — 2— + G{p) + H(p) 



X* x^ \x\\x\ 



(39) 



To this leading order the amplitude is determined by four unknown functions of the cross ratio 
p. One can also replace the expansion in powers of a of the functions /^(c, p) in the conservation 



equations (33) to obtain 



(2d- 3 + J) E(p) + (d- 2 + J) F(p) - (2d - 2 + J) coshp H(p) 

+ coth p E'(p) — sinh p H (p) = , 
(2d - 3 + J) sinh p cosh p G(p) - (d - 3 + J) sinh p H(p) 

-E'(p) + ( S mhp) 2 G'(p) = 0, 

where ' stands for the p derivative. We conclude that, in the Regge limit, the amplitude with a 
conserved current operator depends on two unknown functions of the transverse conformal group 
cross ratio p. 
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As a final remark we note that, in the Regge limit, under the exchange of points Pi and P3, 
we have x — > —x, while x is unchanged. From the symmetry properties of the functions fk(z,z) 



given in (31), we see that the functions E(p), F(p) and G(p) are even under this transformation, 



while the function H(p) is odd. It is then clear that the amplitude (39) remains invariant under 
this transformation. 

3.3 Regge theory 

Let us now consider an amplitude which includes contributions of conformal partial waves of all 



spins. The conformal partial wave expansion can be written in the form 19,46-48 



A MN (Pi_ 

J 



where G^f is the conformal partial wave of spin J and dimension |+£za In this case one must resum 

we 



all contributions, in order to determine the small a behaviour of the amplitude. Following 19 
use the Sommerfeld- Watson transform to write the sum over J as a contour integral. From (39) 
we conclude that, for each the Regge limit of the integral over J is dominated by the right most 
non-analyticity in the complex J plane. Since we are considering the planar amplitude, dual to 
tree-level string theory, we expect this non-analyticity to be a simple Regge pole at J = j{v). 

The analysis is entirely analogue to the case of the amplitude for scalar operators, which has 
the form |19| 

A = 2ni f du (-)iW (T 1 -iWa( i /) n tu {p) , 



where J = j{u) is the leading Regge pole. The function Q,i u (p) is just the harmonic scalar function 
on the conformal transverse space H3, satisfying 



In the present case of the four-point function of two vector and two scalar operators, the Regge 
form of the reduced amplitude is 

4 „ 

A mn = 2vri^ / ^(-)^V-^W(z,) , (40) 

k=i 

where now the functions VL^ u (p) are a basis of tensor functions. To derive their explicitly form, we 
first observe that in the Regge limit x ~ x% — x\, where the x's are the coordinates of points 1 
and 3 in the corresponding Poincare patches, as explained in section [2} Since the vector operator is 
inserted at points 1 and 3, and the other points contain only scalar operators, one expects the tensor 
structures of the Q functions to be local in x, i.e. to be constructed from the metric and from x and 
its derivatives acting on a scalar function. This expectation follows from the factorization of the 
Regge theory amplitude. Indeed there are precisely four such structures that can be constructed, 



correctly matching the counting of (39). We shall introduce the following convenient basis of tensor 
functions 



/ , \ mn 



where the explicit expressions for the differential operators T>™ n were anticipated in (14). The 
reason for this particular choice of the p™ n will become clear in the next section. Note that these 
operators are independent of x. 
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4 Hard Pomeron in conformal gauge theories 



The general form of the four-point function A mn (x, x) derived in the previous section relies only on 



conformal symmetry and then on standard arguments in Regge theory. In particular ( 40 ) applies to 
any CFT at any value of the coupling constant, whenever the amplitude is dominated by a Regge 
pole. In this section we focus on the case of gauge theories in the weak coupling regime. We shall 
focus on an amplitude dominated by the planar diagram associated to the exchange of a hard BFKL 
pomeron, whose spin is approximately 1. As explained in the introduction, this is important in the 
Regge limit of low Bjorken x in DIS, where the exchange of a hard pomeron sets the growth of the 
cross section leading to gluon saturation. In the context of the AdS/CFT duality, the Regge pole 
interpolates between the Pomeron at weak coupling and a reggeized spin 2 graviton in the bulk of 



AdS at strong coupling 37 



In the limit of vanishing 't Hooft coupling g — > 0, the leading contribution to the pomeron 
comes from a pair of gluons in a color singlet state. The spin is strictly 1, and therefore in this limit 
the amplitude will not depend on a = \x\\x\. It will depend on the single cross ratio p, given by 
cosh/? = — x ■ x/(\x\ \x\), where we recall that we chose both x and x are in the future light-cone of 
four-dimensional Minkowski space M 4 . The cross ratio p is the geodesic distance between x/\x\ and 
x/\x\ on the unit three-dimensional hyperboloid H 3 . The amplitude takes then the BFKL form in 
position space, similar to the case of scalar operators given in [3l] , 

1 f dz\dz 3 dz 2 dz± 

JdH 3 (z l3 ) 2 Jz^) 

where F is the BFKL kernel and y mn and V are the impact factors, respectively describing the 
coupling of the current and scalar operators to the pomeron. 



A mn (x,x)~-^ I -±-A-^±V mn (x,z 1 ,z 3 )F(z 1 ,z 3 ,z 2 ,z 4 )V(x,z 2 ,z,), (41) 



In (41 ) the action of the transverse conformal group SO(3, 1) is made manifest by working again 
in the embedding space, which in this case is the four dimensional Minkowski space M 4 . Transverse 
space is then recovered by taking an arbitrary slice of the future light-cone, choosing a specific 
representative for each ray. We shall denote with dH 3 any given choice of such slice, since it can 
be identified with the conformal boundary of the unit three-dimensional hyperboloid ^3. This is 
the notation followed in (41) where we replaced the integrals over the transverse space R 2 with 



integrals over an arbitrary section dH 3 of the future light-cone. The standard transverse space M? 
is recovered with the usual Poincare choice 

z a = (z + , z~, z±) = (l, z\, z±) , 

where z± 6K 2 . The inner product between two point z% and Zj of this form computes the Euclidean 
distance in M 2 , 

Zij — 2^ • Zj — (^i_L 

We refer the reader to [31) for a more thoroughly discussion of the realization of the transverse 
conformal symmetry in the context of (|4l[)p| 



4.1 BFKL propagator 

The leading contribution at high energies to the pomeron propagator comes from the exchange of 
a pair of gluons in a color singlet state, with transverse propagator 

F(zi,z 3 ,z 2 ,Z4) = 21n(zi_L - z 2 ±) 2 ln(z 3 ± - z i± ) 2 = 2 In z 12 In z 34 . (42) 

To clear our presentation we have changed notation with respect to [311 . In this paper we call the embedding 

we used instead z = {l,z 2 ,z). The present notation is less heavy because we 
mostly use embedding points. 



points z — (l J zj_,z±), while in 31 
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Figure 3: The conformal partial waves used in the decomposition of the BFKL propagator are 
obtained from the integral of the product of two 3-point functions. One 3-point function has scalars 
of dimension zero at Z\ and z 3 and a spin n operator of dimension 1 + iv at z 7 , while the other has 
scalars of dimension zero at z 2 and 2:4 and a spin n operator of dimension 1 — iv at z 7 . 



When the scattering states are colorless the impact factors satisfy the infrared finiteness condition 

-**V mn (x,z 1 ,z 3 ) = 0, (43) 
dH z (Z13) 

and similarly for V(x, Z2, 24). The leading BFKL propagator may then be replaced with the equiv- 
alent conformally invariant scalar function of dimension zero, 

rv \ , £13^24 , ^14^23 

F{z 1 ,Z3,z 2 ,Z4) = hi In . 

^12^34 212^34 



Lipatov 32 found a beautiful decomposition of the leading BFKL propagator in conformal 
partial waves of transverse spin n > and dimension 1 + (n ± 1), given by 

,2 1 „2 



n 4 V- n f , v l + n z 

F{zi, z 2 , z 3 , z A ) = — \2 dv , w — — -T^- 

dz 7 E^- an { Zl ,z 3 , z 7 ) E b _^ b "(z 2 , Z4, z 7 ) r] aibl ■ ■ ■ r, anK , (44) 



n=0 

(| _ -.. -_i /.'''I ■■■'<„ 

where we note that the poles at iv = n±l determine the dimension of the partial waves. The tensor 
functions E v [zi, Zj, Zk) are conformal 3-point functions on the transverse space of two scalar fields 
of zero dimension at zi and Zj and one symmetric and traceless spin n field of dimension 1 + iv 
at Zk- We shall see in the next section that these conformal 3-point functions are essential for the 
construction of an impact factor basis with definite transverse spin. In appendix [C] the explicit form 
of E u in the embedding formalism is given, as well as their projection to complex coordinates on 
M 2 used in [32] . The above representation of the pomeron propagator is pictured in figure [3J 
The 3-point functions E v satisfy the important orthogonality relation [32 

d ^E a _^'(z 1 ,zs,z 5 )Ey b Hzi,z 3 ,z 7 ) = (45) 

dH 3 \ Z 13) 



6 n ,n> S(V - M ) a n {v) 5(Z 5 , Z 7 ) U^-^-K + §nni 5(y + ^ bn{u) _ L_ v a v ..a n b x ...b n ^ Zj) ( 

where 



4vr 4 , , x . 3 2 2i ^ r 



n+l—iv |p[ »^-f/' 



9,9' "Tiv y " ■ / 

+ //" n — IV y[ n+l+iv 
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and the tensors U and V are symmetric and traceless in both and 6« indices. For the sake of 
clarity in the exposition we only give the explicit expressions for U and V in the appendix [Cj 



4.2 Impact factor 

We shall now consider the general form of the vector current impact factor V mn (x, z%, 23). By 
conformal invariance it can only depend on functions of the single cross ratio 

(-x 2 )z 13 

u - 



(—2x ■ z\){— 2x ■ 23) 

it must be constructed from tensor structures of weight zero in x, Z\ and 23, and it must be symmetric 
under z\ f-> 23. A simple counting shows that there are only five allowed tensor structures. Let us 
then introduce the following tensor basis for the impact factor 

Xmn irJnn ■j-mn ^ -j-mn 



X 2 ' 3 — 2x ■ Z\ — 2x ■ 23 

n-mn _ z l z l V x I , z 3 z 3 V x I T mn _ z l z 3 j" z 3 z l ( AR \ 

4 " {-2 X . Zi y + (-2X-23) 2 ' 5 " Z13 ■ ( ' 

A general impact factor will be a linear combination of the form 

5 

V mn = Y J h k {u)Zr, (47) 

k=l 

for general functions hk{u) of the cross ratio u. 

Although the general form of the four-point amplitude (39) contains only four tensor structures, 
we see that the impact factor for the vector operator contains five tensor structures. The reason 
for this apparent mismatch is clear. The impact factor for the scalar operator has a single scalar 



structure, which only overlaps with the spin component of the BFKL propagator expansion (44). 



Consequently, the spin 2 component of the vector impact factor will not contribute to a 4-point 



amplitude of the form (39), as it is clear from (41). This leaves only four tensor structures in the 



vector impact factor, which have, as we shall see, transverse spin 0. 

In the following we shall construct a basis for both the spin and spin 2 components of the 
vector impact factor. We shall then explain how to decompose a general impact factor of the form 



(47) in its spin and spin 2 components. 



4.2.1 Transverse spin 

The scalar part of the impact factor V™ 11 can be constructed simply by acting with the differential 



operators J)V} n given in (14) on scalar functions of the cross ratio u. Hence we define the following 



basis for the scalar components of the impact factor 

4 

V mn (x,z 1 ,z 3 ) = ^2vr(x)S k (u), 

k=l 

with 



Sk,(u) 



JdnS k {n)xM- ( 4 8) 
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X 




Figure 4: The functions Xfi( u ) an d i/j™ n (u), respectively used as a complete basis for the spin n = 
and n = 2 components of the impact factor V mn {u). These functions are given by the integral over 
Z5 of the spin n bulk to boundary propagator from x to Z5 with dimension 1 + ifi, multiplied by 
the 3-point function of scalars with zero dimension at z\ and Z3 and a spin n operator of dimension 
1 — ifj, at Z5. 



We are expanding the scalar functions Sk(u) in the basis introduced in 31 , defined byrj 



Xti(u) = coin) / dzs n M (s, z 5 ) E-^Z!, Z3, 25) (49) 



where 

n„(x,z 5 ) 



-2x • 2:5 

is the scalar bulk to boundary propagator of weight 1 + ip 



(—) 

\Z15Z35J 



1 — 
2 



E^ f ,{zi,z 3 ,z 5 ) 

is the scalar 3-point function with zero weight at Z\ and Z3 and with weight 1—ifx at Z5, as described 



in section 4.1, and the constant 

// 2 (J+// 2 ) 



cd(M) 



64tt 5 T (1 - i/i) 



The functions can be expressed in terms of hypergeometric functions. In figure|4]we represent 

schematically the basis for the spin components of the impact factor. 

4.2.2 Transverse spin 2 

We now seek, analogously to the scalar case, for a Fourier representation of the spin 2 part of the 
impact factor V^"" - . The natural generalisation of the spin case is to consider the spin 2 bulk to 



In the notation of 31 , Xm( u ) an d c o(a0 are gi ven by <f>ft(u) + 0_ M (u) and /i c(/x), respectively. 



25 



boundary propagator from x to 25 of weight 1 + ifi and then the 3-point coupling E-^zx, 23, 25) 
with a spin 2 state of weight 1 — ifj, at 25, as also represented in figure |4j 

Let us start by defining the metric on the space orthogonal to a given bulk vector x and a 
boundary vector z, satisfying z 2 = 0, given by 

K mn (x,z) = V mn - - + • 

a; • z x ■ z (x ■ z) 2 

By construction it is orthogonal 

X m 7T mn = , Z m K mn = , 

and it satisfies 

7T 7r n p = 7T p , 7T m = 2. 

The spin 2 bulk to boundary propagator of weight 1 + ifi is then given by 

jmnab/^ \ I I I \ „mnab 



n~(x, 2) = ^ mna6 , (50) 

where 7^ mnab is the weight zero tensor structure 

rnnab / _ _A ^ / 'ma rib , „mbria „mnab 
7T (X, ZJ = -^7T 7T +7T 7T — 7T 7T 

This propagator is transverse to 2; and z, and is traceless and symmetric in both pairs of indices 
mn and ab. It is important to note that the spin 2 propagator has zero divergence, 

d m U^ nab (x,z) = 0. 

The 3-point coupling E^^zx, z 3 , 25) with a spin 2 state at Z5 is given by 

1 — ifj, 

E%( Zl ,z 3 ,z 5 )=(^-) 2 T a \ Zl ,z 3 ,z 5 ), 

where the tensor T ab has weight zero, is symmetric and traceless, and is orthogonal to 25. As 
explained in appendix [cj T afe can be written as 

rpab rparpb _ Q a b 

2 

where 

rpa 1 v ffl5*35 ^ / 2g\ 

r (21,23,%) = , 

V *13 / V^15 Z 35 J 

and 

fc u Ziz\ + Z h zt *«*&4-*£*? 

(21, 23, 25J — 77 H h 



215 2 35 

We may now introduce a basis for the spin 2 component of the impact factor 

^ n (x,2i,2 3 ) = I dflT(fJ,)^ n (x,Zx,Z 3 ), (51) 



26 



X 



H, 




Figure 5: Full BFKL amplitude, written as a product of the conformal basis for the left and right 
impact factors and for the BFKL propagator. After integrating over all z's except Z7 one obtains 
the integral representation of the fli u function. 



where we define the Fourier tensor function by 



with 



4>u n (x, zi,z 3 ) = 02 (/i) 



C2(A*) 



dz^ n 



dH 3 



mnab i 



X, Zs) E_JZI,Z3, Z5) TJacVbd ■ 



(52) 



„ r 2 ( 3-iu 

1 4 + /i 2 1 I 2 



7T 5 1 + /i 2 r (3 - ifi) 



The spin 2 component V 2 mn inherits from the bulk to boundary spin 2 propagator the basic conditions 



b m V2 



0, 



limn > / 2 — u 1 



fl V n 
U m V2 



0. 



(53) 



4.3 Back to Regge theory 



It is now clear how to make contact with the general form (40) of the amplitude in Regge theory. 



We start with the BFKL amplitude in position space (41), and then expand the BFKL propagator 



and the impact factors in the conformal basis given in sections 4.1 and 4.2, as represented by figure 



[5| Then, using the orthogonality conditions obeyed by the E y 3-point functions (45 ), one can do the 
integrals in z\, Z2, z% and £4. In particular, since the impact factor V(x, Z2, 24) will only overlap with 
the spin component of the BFKL kernel, the spin 2 component of the impact factor V2 mn (x, z\, z%) 
will be projected out when integrating over z\ and Z3. This explains why the spin 2 component 
of the impact factor does not enter the four-point function of two vector and two scalar operators 



(41), correctly giving the counting of four independent tensor structures in (40) 
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The computation outlined in the previous paragraph was done in detail in 31 for the case of 
scalar operators. In the present case the only difference is the operator T> k nn , which plays no role 
in the computation. We have therefore 

1 4 r tanh — 
A mn (x,x) = --^^ / du S k (u) 2 -V(u) Vr^v(x,x) , 

k=i J v 

where V(u) is the transform of the scalar impact factor V(u), with u the cross ratio constructed 



from x, Z2 and z&, just as described in section 4.2 and in 311. By doing this computation one 



discovers also an integral representation for the harmonic functions J7^(x,x), given by 

v 2 f 

£l iv (x,x) = — t / dz 7 U L ,(x,z 7 )U_„(x,z 7 ) . 
This representation will be useful to generalise to the case of transverse spin 2 explained below. We 



conclude that the residues oc k (u) in the Regge amplitude (40) are given by 



a k (u) = -— 2 S k (u)—^V(u). 

4.3.1 Conserved current 

We saw in section [3] that when the vector operator is a conserved current, there are two differential 
equations that reduce to two the number of independent functions determining the amplitude. It 
is therefore of interest to understand the implications of conservation on the current impact factors 
Sk(u), as well as on its transform S*fc(/i), and consequently on the Regge residue just discussed. 



Starting from the BFKL amplitude in position space (41 ), the conservation equation d m A mn = 
becomes simply 

ymn , . 

dm^^ = (d m -6^)V mn = 0, 



(—x 2 ) 3 V "' x 2 - 

which gives two independent differential equations from the coefficient multiplying x n and x n , as 



expected. Since the spin 2 component automatically satisfies the above condition (cf. (53)), the 



conservation equation only involves the scalar functions S k (u) . This is best analyzed by considering 



the integral representation of the various scalar functions given in (48) and (49). In particular, 
we only need to keep track of the pieces involving the differential operators 2?™ n and the bulk to 
boundary propagator, 

4 / l l \ 

fe=i 



-2x ■ z$ 



A tedious computation shows that the conservation equation implies on the Fourier components 
S k (fi) of the scalar impact factors 

S^)-2S 3 (m) + §(4 + A* 2 )S4(m) = 0, 

3Si0i) + 3S 2 (fi) - (1 + m 2 ) 5 3 (m) = • (54) 
Recalling now that on the basis functions x^( u ) the operator 
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satisfies V 2 = — (l + /x 2 ), we obtain the conditions on the functions Sk 1 



u 



5i(u) - 2S 3 (u) - - (V 2 - 3) 5 4 (n) = , 
35i(«) + 35 2 (u) - V 2 5 3 (n) = . 

Let us conclude this section by also writing the conservation equations in terms of the functions 



hk{u) introduced in the expansion (47). A tedious calculation gives 



2uh 3 + 2u/i4 + 3/15 — 2v 2 \i x — u 2 (1 — u) h' 4 — u (1 — u) h' 5 = , 
6hi + 3/i 2 - 6/13 - 2u/ti + 2n(l - u)h' 3 = . 



(56) 



4.4 7* — 7* scattering 



We have all the necessary ingredients to also understand the CFT Regge limit of the four-point 
function of a vector operator j a . This case is relevant to 7* — 7* scattering in the conformal limit 
of QCD, so we shall spend this section analysing this amplitude. In this case the position space 
BFKL representation takes the form 



A" 



\x,x) 



1 



dz\dz 3 dz2dz4 



N 2 JdH 3 (z 13 ) 2 (z 24 ) 2 
As before, the impact factors can be written as 

4 



V mn (x, Z h Z 3 ) F( Z1 ,Z 3 , z 2 , z 4 ) V™(x, Z 2 , Z4) , (57) 



V mn (x,z u z 3 ) 



dfi 



J2 S k (fi)Vrx^x, z u z 3 ) + T( M ) ^ n (x, Zl , z 3 ) 



k=0 



(5f 



with a similar expression for V mn (x, Z2, Z4). From the orthogonality relation (45) and the represen- 



tations (49) and (52) of the functions Xn an d ip™ n , it is clear that only the spin and the spin 2 
components of the BFKL propagator ( |44[ ) contribute to the correlator (57), 



A mnrhn (x, x) = A^ mn (x, x) + A^ mn (x, x) . 
The spin contribution is a direct generalization of the previous case, 



(0) 



\x.x) 



1 of..,, tanh if 



2N 2 



k,k=l 



^2 / dv s k(y) 



s- k {y) vrvf n nux,x). 



We shall therefore focus on the transverse spin 2 contribution to the correlator. Using the repre- 

dz 7 Wr aia2 (x,z 7 )W^(x,z 7 ) r, aiblVa2b2 , 



sentation (44) of the BFKL propagator we have 

z, 2 + 4 



A 



(2) 



where 



(x,x) 



16 



dv 



n 2 N 2j ( I/ 2 + 1 )( I/ 2 + 9 ) < / aHg 



(59) 



(x, Z 7 ) 



^5 V mn (x, Zl , z 3 )E^(z h z 3 , z 7 ) 



dH 3 {z 13 ) 
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To determine W we first write the impact factor as (58), and use the representation (52) and the 
orthogonality relation ( 45 ) to obtain 

Wr aia2 (x,z 7 ) = ^T(v)c 2 (v)a 2 (v)IL™ a ^(x,z 7 ) 



+ T{v)c 2 {-u)b 2 (u) / dz 5 U™ b ^(x,z 5 )-^ 

Jrz (-2^5 • z 7 y +w 



l (x,z 5 ) 

The last integral is computed in appendix ID] and gives 



y a,\CL2 { \ 

— ZZ§ • Z 7 J 1 zu 



where the • • • are terms that drop out in (59). Therefore, 

n™ naia2 (x,z 7 ) + ... 



W™ naia2 (x,z 7 ) =T{u) 
i + v 



- c 2 (v)a 2 (v) + — c 2 {-v)b 2 {u) 



c 2 ^)a 2 (u)T^)Ur aia2 (x,z 7 ) + . 



v 

and we conclude that the transverse spin 2 contribution to the amplitude has the form 
fr f) _ _128 f tanh (^)T(v)f(v) ^- 

■*(2) [X,X)- ]V 2j a %3(,2 + 1 )(,2 +4 ) („2 + g) H» y X > X )' 

where £l mnmn is a spin 2 harmonic function on #3 . It is given by the natural generalization of the 
spin case, 

n~ n (x,x) = / dz 7 Ur a ^(x,z 7 )U^(x,z 7 ) VaiblVa2b2 . 

4.5 Disentangling spin and spin 2 components 

As we shall see in section [5j when computing explicitly the impact factor V mn (x, zi, z%) using 
Feynman rules, one obtains a linear combination of the five tensor structures I™ n , as written in 
(46) and (47). It is then desirable to split the spin and spin 2 components of the impact factor. 
In particular, we wish to determine the functions Sk(fJ,) and T(/z) in the Fourier decomposition (48) 
and (51), so that we can write amplitudes involving the impact factors in their Regge form. 

Let us start by explaining how to extract the spin components of a generic impact factor, 
written in a obvious notation as 

4 

ymn = ymn + ymn = ^ ^ ( M ) + ymn _ (6Q) 

k=l 

We note the following basic relations satisfied by the differential operators T>™ n used to construct 
the tensor structures for the spin components, 

Xm,Xn u Z — u ; 
jynn _ jynn _ r. 
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while the spin 2 component satisfies the conditions (53). Given a generic impact factor written in 



the form (60), we can determine the functions Si (it), ^(u) and S3 (it) rather easily by noting that 



1 / x m x 

77 ( Vmn 
3 V X 



•^m^n \ T/mn _ Q , \ 
Vmn Z2~ J V ~ b lV U ) 



V mn = S 2 (u) , (61) 



X ■ Z\ X 2 



Notice that a constant in S3 is immaterial since T)™ n annihilates constant terms. 

Next let us consider the scalar function S 4 (u). After determining Si, S2 and S3, we consider 
the following transverse part of the impact factor 



ymn = V mn_J2 V™ S l ( U ) = S 4 («) + V£ 



i=l 



Since V™ n is nothing but the part of V mn which is traceless and transverse to x m , it can also be 
computed without reference to the functions Si, S2 and S3 using the explicit expression 



x_jc I V + x x p V \ 
x A x z J 

1 T P T 9 / rf.m n\ 1 / m n 



3 m x 2 v x 2 ; 3 r v x 2 

where V = V rnn r] rnn is the trace of V mn . Since the spin 2 component of the impact factor has zero 
divergence, we can compute the divergence of VJ nn to isolate the scalar function S 4 (it). A tedious 
but straight-forward computation shows that 

3 m vr = Sm (TO0) = (X - £ - I 4 (3 - V*) *<„) , (63) 



where we recall that the operator V is defined in (55). 

We shall now describe how to extract the spin 2 component of a generic impact factor. We start 
by considering the transverse traceless part VJ nn . Since it is transverse to x m , it may be considered 
as a metric fluctuation on the hyperbolic space H3. Moreover, denoting with fi,f the coordinates 
on H3, we quickly discover that the scalar contribution I?™ n S 4 to V™ n corresponds to 

v A v f s 4 - \ / f v 2 s 4 . 

o 

The above corresponds to an infinitesimal diffeomorphism combined with an infinitesimal conformal 
transformation. Since #3 is a three-dimensional conformally flat space, we are led to computing 
the linearized Cotton tensor corresponding to a metric fluctuation V™ n . The spin contribution S4 
will not contribute to the Cotton tensor, and we will be left uniquely with the spin 2 contribution. 

We first consider the linearized Ricci tensor and scalar for a metric fluctuation VJ an , which in 
the embedding space representation are given simply, recalling that VJ nn is traceless, by 

R rnn = U ymn _ Qm^ypn _ gng^ypm ^ R = _ 2 Q p Q qV ^ . 



Considering then the combination 



r E> _ t I r, - XmXn \ D 

^mn — rKy mn , y'/mn 2 I ' 
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the Cotton tensor is denned by 



Cabc — 9 a Gbc — dbGac H — n Gbc 



x b 



G a 



Given that C a bc is traceless and transverse to x m , and that it satisfies the symmetries 

C a bc + Cbac = 
C a bc + Cb ca + C ca0 = , 

we can construct a unique function of the cross ratio u characterizing C a bc- We shall call this 
function, explicitly given by 



C{u) 



z l z 3 z l Cabc 



(-2z 1 -x)z 13 
the Cotton function. 

We may compute the Cotton function C^u), corresponding the Fourier basis V™ n (u) in the 
expansion of the spin 2 component of the impact factor in (51 ). A long and mechanical computation, 
shows the very simple result 

d 



du 



1 C M 0) = Xm(") 



where we recall that X(j,( u ) is the Fourier component for scalar impact factors (49). Given the 
Cotton function associated to the spin 2 component of a generic impact factor, we have therefore 
arrived at the following final representation 

d 



u- 



du 



l\C(u)= / dnT{n)xM 



(64) 



This allows for the determination of T(/i) and hence of the spin 2 component of the impact factor 
via the transform (51). 

It is now just a mechanical computation to apply the general strategy outlined in this section to 
determine the spin and spin 2 components of a generic impact factor given by a linear combination 
of the tensor structures Z™ n as written in (47). From (61 ) we deduce that the functions Si (it), ^(u) 
and Ss(u) are given by 

2u 



1 , 1 

Si = hi + - h 4 H 

6 6 



S 2 = hi + h 2 

du 
4u 2 



2h. 



1 



hi 



1 



2 2u 

2ufl3 + u/14 + /15 



(65) 



After computing the transverse and traceless part (62) of the impact factor, one may compute its 
divergence and equate it to ( 63 ) , therefore determining the function S4 (u) through 

(V 2 - 3) S 4 = J (3ii/i 4 + 5/i 5 + u 2 (3u - 2)h' 4 + u(u - 2)h' 5 ) , (66) 

where ' denotes derivative with respect to u. Finally, the Cotton function C(u) for the transverse 
and traceless part ( 62 ) of the impact factor is explicitly given by 

2 

(1 - u)u 2 {{3u - l)ti 4 + u(3u - 2)h'l + y (u - l)h'i' 



C 



u 



h' 5 + (1 - 2u)hl -- { u 



(67) 



which then allows for the determination of the spin 2 Fourier component T([i) through (64). 
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Figure 6: Perturbative expansion of the BFKL propagator. The leading term corresponds to the 
exchange of a pair of gluons in a color singlet state. The symmetry factor of 1 /2 comes from the 
permutation of the the gluon lines. 



5 Impact factors in QCD and SYM 

In this section we compute explicitly the impact factors for the electromagnetic current operator in 
QCD with massless quarks and for the R-current operator in J\f = 4 SYM. We consider first the 
impact factor for a Weyl fermion in an arbitrary representation of the gauge group, and then for a 
complex scalar field. It is then trivial to apply the results to the cases of QCD and SYM. 

To leading order in perturbation theory the BFKL kernel is given by the exchange of a pair of 
two gluons in a color singlet state, as represented in figure [6| The factor of 1/2 is the symmetry 
factor of the diagram that comes from permuting the gluon lines. Considering for now the diagram 
computed with standard Feynman rules in the central Poincare patch, we denote by D c ^{z\, z 2 ) 

and by D dd g{z^ n Z4) the gluon propagators, respectively between z\ and z 2 and between 2:3 and Z4. 
The upper indices refer to the polarization and the lower indices to the color. In the CFT Regge 
limit gluons with polarizations c = d = — and c = d = +, in a color singlet A = B and A = B, give 



the dominant contribution to the amplitude. This fact was shown in the computation done in 31 



and can also be shown in the present case. Thus, in the Regge limit, the full diagram is given by 

A ab (yi) = V / ^i^3^2^4<j a (yi)i b (y 3 )^(^i)5 A (^)> (68) 
D-+(z 1 ,z 2 )D-+(z 3 ,z^){g}(z 2 )gi(z 4 )0(y 2 )0(y i )), 

where g^(z) is the gluon vector current operator, determining the coupling between the gluons and 
the other internal lines of the diagram. We already see that the amplitude will factorise as a product 
of the two impact factors and the BFKL propagator, with the impact factors related to four-point 
functions involving the external operators and the gluon current operator g^(z). 



To express the amplitude in the position space BFKL form (41), and in particular to compute 
the impact factor V mn for vector current operators, we need to consider the Poincare patches V\ 
and V3, where the points x\ and X3 are close to the respective origin, as discussed early in section 
[2J We perform the conformal transformation ([2]) from the external points y\ and y% to x\ and £3, 
and also on the internal points z\ and 23, which become (i = 1,3) 

Wi = (wf,w~,Wi±) = — q: (l,zf,Zi±) . (69) 

Z i 



The current operator g^(z) transforms as 

9^) = (w + f^g^w), 
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so that, since d z - = d w -, we have 

g*(z) = (w + ) 2 g A (w) . 

Thus, dropping the factors from the transformation of the external vectors j a (yi) and j b (y3), which 



give the transformation rule between A ab (yi) and A mn (xi), the four-point function in (68) associated 
to the impact factor V mn becomes 

«) 2 K) 2 <r(^i)i n (^)^(^i)^(^3)> . 

Next we need to take care of the integration in w\ and W3. We shall parameterize W{ using the 



components of Z\ in the central Poincare patch, as given by (69). Thus, the integration measure for 
each internal point is still given by 

dz + 

dz- dz i± . 



I 



2 

Considering also the conformal transformation of the internal points zi and Z4 to the points 



W2 and u>4 in patches V2 and V4, it is now clear, starting from (68), that the reduced amplitude 
X) X) clS the following form 



A mn (x,x) 



dzi± dz3± dz2± dz4± 



("* 2 )W / ^ (xi)3 n (xs)9*(wi)9* («*)> 

J kh r (4) 

(-* 2 ) A (^) 2 /^^(jJwjJ^WoW) 

J \ z 2 ) \ Z i I 

1 f dzf dz^ h , f dz^ dz^ 



2 j 2 2 W/yyW. ( 7 °) 

where 2^- = — Zi±) 2 and the Wj are parameterized by the components of Z{. We moved the 
integration in zf, z$, z^ and z± to the last line of this equation because, as we shall see in the 
explicit computations presented below, in the Regge limit it contains all the dependence in these 
variables. We also kept the expressions of the gluon propagators in terms of the Z{ in the central 
Poincare patch. 



The last line of ( 70 ) gives the leading order BFKL propagator, as represented in figure 6 This 



can be derived by first noting that, in the Regge limit, the integrals in the second and third line 



of (70) are dominated by poles located at zj~ ~ 0, z^ ~ 0, z^ ^ and z^ ~ 0. Physically this 
corresponds, for instance, to the on-shell propagation of the fields created at x\ by the operator 
jm(xi) and annihilated at X3 by jn{xs), with the emission of two soft gluons at z\ and Z3. Computing 



the gluon propagators at these poles gives the two gluon transverse propagator 31 



-^%D(yl)21nzi 2 lnz34, 
(8vr) 

where D(A) is the dimension of the adjoint representation of the gauge group and where we used 
the conventions introduced in the next section for the gluon propagator in the Feynman gauge, 

<^Mf(0)> = ^^. (71) 
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To match the convention (42) for the two-gluon leading propagator, we shall multiply, at the end 
of the computation, the expression ( 73 ) used to compute the impact factor by 



k = N^y^D{A), (72) 



where the extra factor of N comes from our convention on planar amplitudes (41) which explicitly 
shows an overall factor of iV -2 . 



The second and third line of (70) give, respectively, the impact factor for the current and scalar 



operators. Focusing on the current operator, we have 

ymn = (^2) 3 (^3)2^2 f dX 1 dX3(j m (x 1 )j n (x 3 ) S d(w 1 )g^(w 3 )) , (73) 



where we rewrote (69) as 
with 



Wi = Oi zi + Xi n , (74) 



Zi = {l, zf ± , z i± ) , n = (0,1,0) 



This is the main formula of this section that we will use below to compute in a simple manner the 
impact factor for different theories. First let us warn the reader that we started in the beginning 
of this section by using Zi to denote the space-time points in the central Poincare patch where the 
gluons were emitted. The light-cone components of these space-time points are now denoted by 
<7j = wf and Xi = w~ — w 2 ± /wf. Unless otherwise stated, from now on we redefine 2$ = (l, zf ±: Zi±) 
to be the above null vector, exactly as in section |4j This slight abuse of notation is justified by the 
fact that the relevant transverse parts coincide, as the final expressions depend only on the gluon 
positions Zi± in transverse space M 2 . Using the canonical Poincare slice of the light-cone given by 
the above form of Zi, we shall see that our expressions for the impact factor are invariant under the 
rescallings Z{ —> azi, with a > 0, therefore rendering manifest the transverse conformal invariance. 



Formula ( 73 ) reduces the computation of the impact factor to the integral of a four-point function 
involving the external and the gluon current operators. A word of caution is however necessary, since 
this four-point function includes operators placed at different Poincare patches. We shall see in the 
next sections that the use of the ie-prescription for the propagators between points in the patches 
7*i and 7*3, as given in the beginning of section [2j is crucial. This is already clear from figure [7j 
which shows the Feynman diagrams that contribute to the impact factor in leading order, since the 
internal space-time points t«j may be in either of the Poincare patches 7*i and 7*3. More precisely, 
when wf > (zf < 0) we have Wi G 7*i, and when wf < {zf > 0) we have Wi G 7*3. Thus, one 
needs to be careful when writing free propagators involving x\ € 7*i, x 3 € 7*3 and W{ G 7*i U 7*3. 

Finally we will normalize the current operators such that their two-point function, between 
x\ G 7*i and X3 G 7*3, is given by 



(j m (xi)f(x 3 )) 



(x 2 - ie x 



r] mn 



x 2 — ie. 



(75) 



where x = x\ — X3 and e x = esgn(x°) gives the ie-prescription for propagators between points in 7*i 
and 7*3. 
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+ • • • 



(a) (b) (c) 

Figure 7: Perturbative expansion of the four-point function necessary to compute the impact factor. 
Two gluons are emitted in a color singlet at points w\ and W3 , which may be in either of the Poincare 
patches V\ and V3. 



5.1 Impact factor for a Weyl fermion 

We start with the computation of the impact factor for a Weyl fermion in an arbitrary representation 
R of a gauge group. It will then be trivial to obtain the impact factor for a massless quark in QCD. 
The Lagrangian is 



l — [ d A y (-]- Tr (F rnn F mn ) - i^lj)^^ 



9ym 

with F mn = d m A n -d n A m -i [A m ,A n ] and Ip^j = 7 m (<%<9 m - iT t jA A ^j ipj. The gamma matrices 

obey the algebra {7™, 7 n } = 2i] mn . We shall use ■ ■ ■ indices for an arbitrary representation R of 
the gauge group with dimension D(R), while A, B, ■ ■ ■ are the indices for the adjoint representation 
with dimension D(A). The gauge field (A m )ij = A^T^ is in the adjoint representation, so that the 
T^j are the basis of D(A) generators in the fundamental representation (here i and j are fundamental 
and anti- fundamental color indices). For an arbitrary representation the generators are chosen with 
the normalisation 

Tr (T A T B ) = C(R) S AB , 
where C(R) is the first Casimir of that representation. We also have 

T ij T jk = C 2{R) 8ik , 

where 

is the second Casimir. Finally the structure functions f ABC are defined as usual as 

[T A ,T B ] =if ABC T c , 

and satisfy 

f ACD f BCD = C{A) 5 AB 

In what follows we shall be interested in both the fundamental and the adjoint representation of 
the SU (N) gauge group, for which we respectively have 

C{F) = \, ^(FH^^, D(F) = N, 
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and 



C(A) = N. 



C 2 (A) = N, 



D(A) = N 2 - 1 . 



With the above conventions the free propagator for the gluon field is given in ( 71 ) , while for the 
Weyl fermion it is 



(^H^-(o)) 



Sym ! + 7 
4vr 2 2 



't.i 



(76) 



where 7 = ■ ■ ■ 7 4 is the chirality matrix. Notice that we wrote here the propagator between two 
points in the same patch. If w is in the patch V\ and the other point is at the origin of V3, we have 



(^H^-(o)) 



ffYM 1 + 7 
4tt 2 2 



'10 9 



(77) 



where = esgn(w°). The current operator, describing the coupling of the fermion to an external 
U(l) gauge field, is 

where the overall constant 



Att 2 1 



(78) 



g YM ^2D{R) 



(79) 



is determined by the two-point function normalization ( 75 ) . The coupling to the gluon field r\ vq A A 

i>a P ipjT t j . (so) 



reads 



9ym 



We are now ready to compute the impact factor V mn using (|73l). First we consider the contri 



bution of the diagram in figure [7^, to the four-point function in ( 73 ) with the Wi parameterized by 
(74). We start with the case of a± = > and <r 3 = > 0, so that both points are in the patch 
V\. We may also set x = x\ and x% = 0. A simple computation gives 

2 



<jm(x)j n (0)g±(wi)g?(w 3 )) 



1 



9ym 



rpA rpB 

ij ji 



Tr {7™ (i/j(x)ip(wi))j-. (^(wi) i/?(0)) 7„ (V'(O) ^(w 3 )} 7- (^(^3) i>( x )) } ) 

where the trace in this expression acts on the Dirac indices and the overall minus sign comes from 
permuting the field ip{x) through all the other fields when applying Wick's theorem. The fermionic 
propagators have no color indices, which have already been taken care by the term Tf- T B = 
C(R) 5 AB . Dropping the colour delta function 5 AB , which was already included in the computation 
of the BFKL propagator, the contribution of the diagram in figure [7£i to the impact factor is 



2 \ 1 
9ym ) 

TV 
1 



1 



' (x — W\ 
In {-0w 3 ) 



+ ie 
1 



W3) 



te 



*vn {wi) 2 
7- $w 3 ~ 



le 



(81) 



Wl 



1-7 



U>3 



(W3 



+ ie 2 



where we recall that the Wi are parametrised as in (74). Now we look at the integration of the 
second line of this equation 



dXi 47 m 7 a 7_7 b 



(x — o\z\ — \\n) a (p\z\ + X\n) 



(0> 



\in) 2 + ie) {{a\Zi + A x n) 2 - ie m ) 



2 • 
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This integral has two double poles located at 



Ai 
Ai 



-2x ■ z\ + ie , 



where we set e,, 



e because at Ai = we have w 



w 



i± 



/w + > and therefore > 0. We 
conclude that one pole is in the lower half plane and the other in the upper half plane. Thus, 
deforming the Ai contour of integration in the lower half plane, we obtain 



-2ni) 47 m 7 a 7_7 fe <9 Al 



(x — o\Z\ — \in) a {a\Zi + Xin) h 



((x - o\Z\ - \\n) 2 y 



Ai=0 



We note that the derivative of the numerator does not contribute because (7-) 2 
computation shows that, in the Regge limit of small x, we obtain 



0. A simple 



a „6 



167ri7 m 7 a 7_7 6 ■ 



1*1 



-2x ■ ziY 



At this point we realize that the result is independent of wf = /3i, as anticipated in the previous 
section. Also, one could repeat the same computation with wf < and/or w% < 0, so that one 
point and/or both would be in the patch V3, obtaining the same result. Using the fact that Z\ is a 
null vector, the previous equation simplifies to 



327ni 7 m 7 a r/_ fe 



Z7Z 



1-1 



(-2x- Zl ) 



(-2x- Zl ) 3 



Doing in an entirely similar way the integration of the last line in (81), the contribution of the 
diagram in figure 17k to the impact factor is given by 



kc 2 C{R) 



9ym 

7T 6 



-x 2 ) 3 (z 13 ) 2 Tr 



Imlalnlb ' 



1-7 



Z^Z 



1^3 



(-2x-zi) 3 (-2x-z 3 ) 3 ' 



where we multiplied by the factor /c in ( 72 ) to match with our conventions for the BFKL propaga- 
tor. Using the identity Tr{7 m 7 a 7 n 7 b } = 4(r/ ma r? n6 + l] mb rj na - rj mn 7] ab ), and noting that the term 
containing Tr {7 m 7a7n767} = — 4ie maTl b will not contribute since the final answer must be invariant 
under the exchange x\ X3 and m •<-)■ n, the previous equation simplifies to 



kc 2 C(R) 



9ym 

IT 6 



r? mn + 2 



Z 1 Z 3 j- z 1 z 3 
Z13 



Writing the result in terms of the tensor structures defined in (46), we conclude that the diagram 
in figure PFk contributes to the impact factor with 



7T' 



zr n + 21, 



mn 



A simple check shows that this expression satisfies the current conservation conditions ( 56 ) . 

The contribution of the diagrams in figures [TJa and [7J: to the impact factor is proportional to a 
delta function 5(u). For the sake of clarity we compute these diagrams in appendix |Ej Including 
these extra terms, the final result for the impact factor of a Weyl fermion in a representation R of 
the colour gauge group is 



Vf, 



fermion 



(x,zi,z 3 ) 



u ' 



zr n + 2x 5 mn 



+ 



u 2 5(u) 



■mn 

3 



(82) 
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with 



a hr 2 C(m 9 ™ - — ° 2 ^ 9 YM „ C 2 {R)g^ M (S ,m 



where we took the large N limit in the last step. 

Let us remark that the role of the terms with a delta function is to enforce the IR finiteness 



condition (43). In fact, contracting the above impact factor with rf nn , x m x n , x m z^ and z™z%, it is 



simple to verify that this condition is indeed satisfied. 

5.2 Impact factor for a massless quark in QCD 

From the result of the previous section it is trivial to compute the impact factor for the electro- 
magnetic current operator in QCD j m = cipimip, since a massless quark is equivalent to two Weyl 
fermions. The constant c computed from the normalisation of the current two-point function is now 

_ 2vr 2 1 
C ~ <? YM y/D(F) ' 



The impact factor is again given by (82) with the overall constant a given by 

g 2 YM JW^l g 2 
2tt 3 ~ 2tt 3 ' 

where g 2 = S'ym-^ ^ s * ne Hooft coupling. 

5.3 Impact factor for a complex scalar field 

Now we wish to compute the impact factor for a charged complex scalar field in an arbitrary 
representation R of the gauge group. At the end of the computation, and also using the results 



of section 5.1 it will be simple to determine the impact factor for the i?-current of N = 4 SYM 



theory. We compute the impact factor for a theory with Lagrangian 

i r . a ( i 



5ym 



I d * y f-^Tr (F mn F mn ) - (D m ZUD m Z)^ 



where {D m Z\ = (5ijd m — iT^A^A Zj. With these conventions the free propagator for the scalar 
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field is 

<^<°>> = 4to- < 84 > 

when both points are in the same Poincare patches. If w is in the patch V\ and the other point is 
at the origin of V3, we have 

< z »» = t^A' (85) 

The current operator is simply given by 

^ - - - \ArrA / 



j m (x) = ciZi B m Z % = c(iZ t d m Z t + 2A*T % jZiZj ) , (86) 



where the constant c is again given by (79). To leading order in perturbation theory we may set 



) = cZi d m Zi. Finally, the coupling to the gluon field rj pq A^ reads 



gf(w) = -^-Z i %Z j 7$. (87) 
9ym 
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We consider first the contribution of the diagram in figure [7^, to the impact factor. Again we 
start with the case wf > and > 0, so that both points are in the patch V\. The final result 
is independent of this choice. A simple computation gives 



(jm(x 1 )j n (x 3 )g^(w 1 )g^(w 3 )) 



9ym 



rpA rpB 

ij ji 



(Z( Xl )Z( Wl )) d w -(Z( Wl )Z(x 3 ))(- d xf ) d x n(Z(x 3 )Z(w 3 )) d w -(Z(w 3 )Z( Xl )) , 

where the propagators have no color indices, already included in the term T^T^ = C(R) 5 AB . We 
conclude that the contribution of this diagram to the impact factor is 



— C(R) 
1 



{~x 2 f (z^f alat \ dX ld X 3 
1 



(x± — w\) 2 + ie w i {w\ — x 3 ) 



ie 



W!-X 3 



Ox™ Ox™ 



(x 3 - w 3 y 



ie 



W3-X3 



(w 3 — xi) + ie 



Now we look at the integration of the term in curved parenthesis in the second line of this equation 



4 



dXx 



1 



1 



1 \(xi — a\Z\ — X\n) 2 + ie Al [x 3 — a\Z\ — X\n) 



ie 



W1—X3 



This integral has poles located at 



Ai ~ —2xi ■ Zi+ie 



Ai 



-2x3 • zi — ie 



w 1 -x 3 



-2x3 • z\ — ie 



where again at the second pole e Wl - X3 
lower half plane, we obtain 



e. Thus, deforming the Ai contour of integration in the 
ini 



(-2(xi - x 3 ) • ziY 



A similar argument can be done to integrate the last line of ( 88 ) , with a similar result up to a minus 
sign. Recalling that x ~ xi — X3, we conclude that the contribution of the diagram in figure [7}i to 
the impact factor is 



k c 2 C{R) 



9ym 
16vr 6 



) (zis) 



-2x-zi) 2 



-2x-z 3 y< 



which can be simplified to 



kc 2 C(R) 



9ym 2 



7T 



6 



•> / Z\ m Z\ n (y X ) Z 3m Z 3n (y X ) 



2 V (-2x-zi) 2 (-2x-z 3 ) ; 



11 ■ 



Z\m,Z 3 n ~\~ Z 3m Zlr 



Z13 



Expressing the result in terms of the tensor structures defined in ( 46 ) , we have then 

,4 



k c 2 C(R) u 2 g z ^ n _ uJ ^ n \ ^ 



which obeys the conservation conditions ( 56 ) . 
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Again, the contribution from the diagrams in figures [Tja and [7J; is proportional to 5(u) and is 
presented in appendix |E| Including these extra terms, the final result for the impact factor of a 
complex scalar field in a representation R of the colour gauge group is 



scalar 



(x, 21,23) 



2 / -7-mn -7-mn \ I ^ 'H^O Z' 1 -T'mn ■-j-mn , ^ -7-mn q 717m 
n I n x 4 ~ U - L 5 1 ^ I 4 1 _ 2 2 3 ~~ 



(89) 



where a is given in (83). A simple computation shows that this impact factor correctly enforces the 



IR finiteness condition (43). 



5.4 Impact factor in Af = 4 SYM 

Four-dimensional N = 4 SYM can be obtained from dimensional reduction of ten-dimensional 
J\f = 1 SYM. We start by considering a convenient reduction of the ten-dimensional Dirac matrices. 
We will denote with 7 a and with T a , respectively, the 50(3, 1) and 50(6) Dirac matrices, satisfying 

[7a, lb] = Zrjab , [Ta, 1^] = 25 a p , 

where we use Greek indices a, (3, - ■ ■ for the internal directions. We will choose a Majorana basis 
where the j a are 4x4 purely real matrices and the T a are 8x8 purely imaginary matrices. Moreover 
we will denote the imaginary chirality matrices as 

7 = i 7 ° • • • 7 3 , f = -ir 1 • • • r 6 . 

With the above conventions we can define the real SO (9, 1) Dirac matrices as 

7a ® i , 7 ® r a . 

The ten-dimensional chirality matrix is then given by 7 ® T = 7T. 
Our starting point is a ten-dimensional Weyl-Majorana spinor A, 

7TA = A , A* = A . 

This spinor can be written as a Weyl-Weyl spinor of 50(3, 1) x 50(6). In fact, defining 

^22' 

it is clear that A = ip + It is now an exercise to show that the reduction of ten-dimensional 
N = 1 SYM yields the following action for the N = 4 theory 

' 1 ' d i yM-l F mnF mn -D m <t> a D m <t><*+ lr 



5ym^ V 2 2 

where the last two fermionic bilinears are defined by VT Q V = V' T 7 r a V ; and ^r Q V = ^J ^^*- The 
covariant derivative is defined by D m = d m — i[A m , ]. All fields are in the adjoint representation of 
the colour gauge group, for instance {^ A )ij = ip A T^, with i and j fundamental and anti- fundamental 



colour indices. It is therefore trivial to make direct contact with the notation of sections 5.1 and 5.3 
which considered an arbitrary representation of the gauge group. In particular, the contribution of 
the Weyl fermion and scalar fields to the impact factor of the R-current can be readily determined 
from the results of those sections. 
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It is simple to verify that the Weyl fermion propagator ^ A (w)ip B (0)^ is exactly given by those 
in (76) and (77) for a field in the adjoint representation. Also, defining the complex scalar field 



Z 



1 

71 



+ #2) 



the expressions for the propagator (Z A (w)Z B (0)) exactly match those in (84) and (85). 



The above action is invariant under the global SO (6) R-symmetry, with transformation 



where 



The corresponding conserved R-current reads 



j£f(*)=cTr 



In the following we shall consider the 12 component of this current, which is given by 



jm(x) = 3m( x ) = cTr ( iZ'L) m Z + ^ ip-f m V rz ^ 



Both terms have exactly the same form as those in (78) and (86), except for the factor of i/2 and 
the generator T 12 in the fermionic piece. The computation of the R-current two-point function is 
similar to that of a Weyl fermion and a complex scalar. For the Weyl fermion, the difference with 
respect to section 5.1 is a factor of (i/2) 2 times a factor from the generators of the R-current of 

T r f r i2 r i 2 I±r\ = 



which gives unit. Taking this fact into account the normalisation of the two-point function fixes the 
constant c to be 

2vr 2 



Finally, the coupling to the gluon field rf q A A reads 



9p(w) 



^Z B %Z c f ABC + 



9ym 



9ym 



IpBlplpcf 



ABC 



which, recalling that f ABC = iT^ c for adjoint fields, exactly reproduces the sum of (80) and (87). 

It is now trivial to import the results of sections 5.1 and 5.3 to determine the R-current impact 
factor. Again the only difference is the computation of the fermionic contribution, with the same 
factor of (i/2) 2 times —4 from the trace of the generators of the R-current. We conclude that the 
R-current impact factor is given by 



V 



'scalar ^fermion ' 



with each term given by ( 82 ) and ( 89 ) . In this case the overall constant 

N 2 g 2 YM g 2 
2vr3 ' 



ViV 2 - 1 2vr 3 



where g 2 = gy^N is the 't Hooft coupling. 
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5.5 Spin and Spin 2 components 



In this section we shall decompose the fermion and scalar impact factors ( 82 ) and ( 89 ) in their spin 
and spin 2 components. We follow the general procedure explained in section 4.5 to determine the 
functions Sk(fJ,) and T(p) in the Fourier decomposition (48) and (51), which enter the expression 
for the amplitude in its Regge form. 

First we consider the impact factor for a Weyl fermion given by (82). Following section 4.5, the 
scalar functions Sk (u) , as given by ( 65 ) and ( 66 ) , are 



Si 



1 2 1 3 

3 3 ' 



S 2 



-u 2 + V? 



5 3 



4 ' 



3)5 4 



4 2 



where we dropped the overall factor of a. It is convenient to normalise the transform S^{y) in the 
expansion (48) with respect to the transform of u 2 as 



Skiy) 



2vr d 



cosh(f, 



(90) 



Then we have 



si 



v 2 + 25 
48 



•52 



16 



S3 



1 

4 



S4 



1 l/ 2 + l 



32 i/ 2 + 4 ' 



which satisfy the algebraic current conservation conditions ( |54| ). To determine the spin 2 component, 
first we compute the Cotton function C (u) as given by (|67[), 

C = 18u 3 (l-u){l-2u). 



Then the transform in (51) is given by 



2tt 3 (l + v 2 y{9 + v 2 ) 
'cosh(f) 256 (4 + u 2 ) 



Next we consider the impact factor for a complex scalar given by (82). Again dropping the 



overall factor of a, the scalar functions given by (65) and (66) are 

,2 



Si 



1 

12 



1 



u 



u 



So 



1 



S, 



u 
16 



(V 2 - 3) S 4 



16 



u 2 + -v? 



With the normalisation ( 90 ) , the transforms in ( 48 ) are given by 
i/ 2 + 13 



si 



48 



S2 



1 
I 



S3 



1 

16 



s 4 



1 ^ 2 + 7 



32 v 2 + 4 ' 



which satisfy the algebraic current conservation conditions ( 54 ) . Finally, the Cotton function C (u) 

-18u 3 (l - u)(l - 2u) , 

(9 + ^ 2 ) 



in (67) is 



which leads to 



C 



2vr d 



:i+, 2 ) 2 



cosh(^) 256 (4 + u 2 ) 
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6 A conjecture and concluding remarks 



Looking at the R-current impact factor computed in section |5\4| and at the transverse spin 2 com- 
ponents for a Weyl fermion and a complex scalar field just computed, we conclude that the spin 2 
component of the R-current impact factor vanishes. The R-current impact factor only has overlap 
with the spin component of the BFKL kernel, which is dual to the graviton Regge trajectory. 
Other current impact factors in N = 4 SYM, that are not half-BPS operators, will in general have 
a spin 2 component. We believe this cancelation is related to supersymmetry and should hold to all 
operators that are dual to the supergravity multiplet. We are then led to the following conjecture: 
half-BPS single-trace operators in J\f = 4 SYM have impact factors with zero transverse conformal 
spin. We checked this conjecture for the R-current operator and to leading order in the coupling 
constant. At strong coupling, in the gravity approximation, this is also true since in this limit 
all strings states are decoupled and we are only left with the supergravity multiplet. It would be 
interesting to check this conjecture at one- loop order in the computation of the impact factor. 
Next to leading order corrections to the impact factor of scalars operators have been studied 



recently in 49 . A scheme to renormalize the impact factors was presented, while preserving con- 
formal invariance. In general we expect the amplitude to have the following form, for any value of 
the coupling, 



1 f dz\dz 3 dz^dz^ 

W JdH, (Z l3 ) 2 Jz^) 



Zl,Z 3 ) F(zi,Z3,Z2,Z4,Cr) V(x,Z 2 ,Z4,) , 



where a = \x\\x\. In this expression the pomeron propagator depends on a. Its decomposition in 
conformal partial waves, as given by (44), will now include a factor of u 1- i( v > n \ The impact factor 



ymn depends on functions of the cross ratio u, which also depend on the coupling constant. In the 
case of N = 4 SYM, the expression above assumes a renormalization scheme that does not break 
conformal invariance of the impact factors, order by order in perturbation theory. 



Expression ( 73 ) gives the weak coupling impact factor in terms of a four-point function of the 
external currents and the gluonic current that couples to the exchanged gluons. If a similar form 
of the impact factor can be generalized for any coupling (possibly by using lightlike Wilson line 



operators 50 51]), then we can try to compute the impact factor at higher orders in perturbation 
theory. The next-to- leading order has been recently obtained in [49] . Another important related 
open question is the nature of the impact factors at strong coupling. If we can find a definition of 
the impact factor compatible with conformal symmetry for all values of the coupling then we can 
hope that the integrability of N = 4 SYM will be enough to determine it. The simplicity of the 
weak coupling result certainly points in this direction. 
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A Some Fourier transforms 



In this appendix we compute some Fourier transforms used in section [2j We start by 

B mn (p,p) = i J dxdxe 2ip - x+2ip - s A mn (x,x) , (91) 



with A mn (x,x) given by the Regge form (13). It is convenient to rewrite (13) as 

l 



A mn (x,x) » -2m J du J2a k (u)x 2 V 



l<r,mn Qiu(p) 



k=o (x 2 - ie x ) i+ 2 (x 2 - ie x ) A+ 2 

where in this equation we redefined the operators T>u in by 

x 2 v mn = ^mn _ ^ 

x 2 V^ n = x m x n , 

x 2 v rnn = % 2 ^mgn + ^gm) _ 2x m X n X . 8 , 

x 2 vf n = x 4 d n d m - x 2 x q ( x m d n + x n d m ) d q 

- \ {x 2 V mn ~ x m x n ) x 2 8 2 + \ (x 2 i] mn + 2x n x m ) x q x s d q d s , 



so that they commute with any function of x . One can then use integration by parts in (91) to 
write 

f ~ 1 f p 2ix-p+2ix-pC). ( n \ 

B™{ PlP ) « - 2ni du £ tftW^s / «tecfc - A+ ^l ' < 92 ) 

•' r-n " ^ (x 2 - ie x Y + 2 (x 2 - l€ x ) + 2 



fc=0 



where 



_ 4 pmn 


_ mn^2 _ 


_ 4 pmn 




_ 4 pmn 


= - <9 2 (a 


_ 4 pmn 


= d - 







a 2 (^a 2 - <9 m s n ) p 2 + ^44 (V n <9 2 + 2d m B n ) />■>" . 



d 

and <9 n = q - ^"- The scalar integral in the second line of (92 ) can be done explicitly. First notice that 
the ie-prescription implies that the integral vanishes if 



either p or p is spacelike or past-directed. 



We can then write 



If,, e 2ix -P +2is -PQ iu (p) 0(p o )6(-p 2 )6(f)9(-p 2 )G(e-e) 

dxdx 



just using Lorentz invariance and scaling. Performing a Fourier transform we have 



(x 2 - ze x ) 5+ 2 (x 2 - ze 2 .) A+ 2 ./M (-p 2 ) 2 5 2 (-p 2 ) 2 A 2 
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where we denote by M the future light-cone or Milne wedge. To determine the function G it is 
sufficient to consider future directed x and x. In this case, after integrating over E and E (recall 
that p = E e) we find 



dede 



H 3 



T(2g + + l)r(2A + j{v) - 1) G (e • e) 
(-2e • */|x|) 2 ^ +1 (-2e • x/lxl) 2 ^'^ 1 ' 



Each integral is a convolution of radial functions on that is easily done using the harmonic 
basis (40). This gives G(e-e) = C(f) O^L), with 



CM 



7T 



2 r 



2g+jH+^ 
2 



ggjjfiQ-jjA r / 2A+j(^)-2+i^ N \ r / 2A+j(v)-2-iv\ 



We may now return to (92) to find 



r 4 

B mn (p,p)^-27ri / dv J2 a kW 

fc=0 



k 



2^2-A- 



jQ)-i ' 



With long but trivial manipulations we can rewrite the operators D in the following convenient 
form 



_ 4p 2pmn 



-4^2> 



p 2 d m d n , 

- ( P m a n + p n a m ) p 2 a 2 - 2 j 

+ 2p 2 d m d n (p-d + 2 



»<•• ■ 1 P " , '[" ) P 2 B 2 



2^mn _ P P 



P 2 d 2 + 4 ) p z & z - ( P m d n + P n d m ) P z d z (p-d + i 



„2 52 



m an i n ?\ra \ 2 o2 



+ ^ 2 a m 9 n \p 2 b 2 + 2(p • a) 2 + iop • a + 12 



I 



?? m V9 2 p 2 d 2 -(p-d)' z +p-d + 6 



so that the commuting operators p ■ d and p d can be traded by their eigenvalues 



p-d^ 2£ + j(v) -3 



-a 2 



p 2 d 2 = (p-a) +2p-9-V 2 ^ (2£ + j( I /)-3)(2£ + j(i/)-l) + I + 1/ 2 , 



where V 2 is the laplacian on the three-dimensional hyperboloid p 2 



T. It is then a trivial 
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computation to obtain the form (15) witlj^] 

' >J U ' ] : - (j 2 + (4£ - 5)j + \{^ + 3£(2£ - 5) + 10)) ai - i {u 2 + 3j + 6£ - 8) a 2 



4/? 2 (^) 

CM 

4/3 3 (i/) 
4/3 4 (i/) 



- |(i + 2? - 4) (i/ 2 + 1) a 3 + ? (i/ 4 + 5z. 2 + 4) a 4 , 

- (z. 2 + 3j + 6^ - 8) qi - (j + 2£ - 4) (j + 2£ - 3) a 2 
+ 2(j + 2£ - 4) (i/ 2 + 1) a 3 - - (i/ 4 + 5z. 2 + 4) a 4 , 

- ("i - 2£ + 4) Ql - (j + 2£ - 4) a 2 - (j 2 + (4£ - 6)j - ^ 2 + 4(£ - 3)£ + 4) a 3 
+ 2 - (j + 2£ - 1) {y 2 + 4) a 4 , 



^ ( A at - a 2 - 2 (j + 2£ - 1) a 3 - (^j 2 + (4£ - 2)j + - {y 2 + 12(£ - 1)£ + 4) J a 4 ■ 

The conservation condition p m B mn implies that (3 2 = /3 3 = 0. This is equivalent to the conditions 
(recall that £ = 3 for a conserved current) 

= 3ai(i/) + (j(i/) + 2) a 2 (zv) - {y 2 + l) o 3 (j/) , 
= 3ai(v) - 3 + 1) 03(f) + 2 (^ 2 + 4) 04(f) , 



in agreement with (54) for the case jiy) = 1. 



A.l Wave functions F, 



We now turn to the computation of the functions Fi defined in section 2.1 Let us consider, for 
instance, the integral over y 4 



— \— A ikt • y4+2ip • 1E4 



Using ^ we find 



dVA (2/4 ) 



E E 

2p-x A = -— y\ + [r 2 + (y 4 ± - e±) 2 ] , 
r ry4 



which allows us to do the y 4 integral explicitly and obtair 



/ 



dyi (y~ 4 



-A ifc4 • j/4+ 2 ip • £4 



2^<5(fu; 4 - E)E l ~ A ' s± F 4 (f 



where 



F 4 (f) = -^li A 2 A " 2 f 2 (7^) A ^ 2 -A [r^j , 



with _ff the modified Bessel function of the second kind. Similarly, the function F 2 is defined by 

j dy 2 (- y -)- A e ik *-v*- 2i P- x * = 2^S(roj 2 - E)E 1 ~ A F 2 (r) , 

7 We suppressed the argument v of the functions j(y) and a.k{v) on the right-hand-side to reduce the size of the 
expressions. 

8 We restrict the integration region to j/J > because this is the relevant region in the Regge limit. 
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which gives 



F 2 (f) = ivrf r A 2 A ~ 2 f 2 



A-2 



K- 



2-A 



r\/A;| 



The functions F\ and F3 are more complicated because of the index structure. Consider first 



The exponent reads 



*s°»(r) 



^,2 2 EE 

ik 3 ■ y 3 + 2ip ■ x 3 = iuj 3 y^ - i— ± y£ - iq± ■ y 3± -i—y^+ i— f [r 2 + (y 3± - ej_) 2 ] 

4cj3 r ryj 



W 3 ^3 



E 



.k\r 



.Er . E 



iq± ■ e ± - 1^ yj + 1-+ + 1— T ( y 3± - e ± 



2/3 r % 



n/3 
2E 



Q± 



where we have used ui 3 = E/r, which is enforced after integrating over y 3 . The index structure can 
be written in matrix form 



3Xg 



(% + ) 2 






Vi± -ys2/3± 
1 

-2y 3 _L 2/3" 



where the indices are ordered as (+, — , _L) and the index b labels columns and the index n labels 
rows. Changing to the integration variable s = —iEr/y^ we obtain 



F 3 b n (r) 



~2E 



r 3 -« / dss* 2 < s 



4s X 



( _(Er\ 2 ( r2 g ± \ 2 I r 2 (l-iq ± -e ± ) | ^ Er 

Is/ \ 2s / <s 





V 



2s2 9± + « — e± 




—1 



-2e_L + i^g_L 

The next step is to change the indices to the coordinates p T = (E, r,e±), i.e 



■Er 



Ei , . \ 



This gives 



F 3 \{r) = 



Jo 



, £-2 -s-^al 




2^ 



9± 



Er n 



where the index r labels rows ordered as (-E 1 , r, e±). Similarly, the function F\ is equal to the complex 
conjugate of F 3 with q± set to zero and k 3 replaced by k\. 
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A. 2 Structure functions 

In the context of DIS, we are interested in the case 

£ = 3 , q ± = , k\ = k\ = Q 2 



&2 — — Q 



In particular, to determine the structure functions using (21), we need 

T 3 



r 2 5 kl F* k (r)Fl(r) = -Q 2 r*K 2 (Qr) & , 
F 1 + r (r)F^{r)=^VKl(Qr) 1 



and 



This gives 



F 2 (f)F 4 (f) = 7r 3 2 2A - 4 f 4 Q 2A - 4 i<r 2 2 _ A (Qf) . 



71 (f) 



3 

7r 7 2 2A-9 



7r 6 2 2A- 5 y drr i-»+jM K 2( r ) y dff i+w+j WK|_ A (r) 



i i ( L + i^)r(i^)r(2+ 2 



3+j(i>)-ii> 



r ( i + i&it* ) r (3 + - a) r ( + a - 1 



r 



3+j(^)+ii/ 



72 (^) 



M/') I ( ^-2iv-v 2 )fa(y) 



7r 6 2 2A-5 / rf rr l-^+i(")ii:2( r ) / dff 1+w+ ^Kl_ A {f) 



^7 2A-9 
7T Z 



( ~ 2//' ;/ 2 ) \{v) 



r 3 i + 



j(y)-iv 



Y ( 3+j(t/)-ti/ 



r (i + m*±\ r ( 3 + - A ) r + a - 1 

X ~Z : 

■p / 3+j(u)+iu 

V 2 

where the integrals over r and f were evaluated using the identity 



/ dtt a ~ l K b {t) 2 = - V2; V2 - 

Jo 



B Regge limit of conformal partial waves 



The elementary partial wave G„ j (P±, . . . , -P4) is given by the integrated product of three-point 
functions |45l|48| 



/ dP, e mna ^ (Pi, [1, 0; Ps, [1, £]; P 5 , [J, d/2 + ii/]) x 
x £ Al ... A/ (P 2 , [0, A]; P 4 , [0, A];P 5 , [J, d/2 - ii/]) , 



(93) 



9 The integral converges for 9?(a) > 2j5R(6)j and it is denned by analytic continuation otherwise. 
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where the first entry in the square brackets denotes the spin of the operator at that point and 
the second entry gives its conformal dimension. In the embedding space formalism, the correlation 
functions of primary operators are Lorentz covariant and homogeneous functions of the Pj's with 
weights fixed by the conformal dimensions of the operators. The three-point functions are completely 
fixed by conformal invariance up to a finite number of undetermined constants. 

Our goal in this appendix is to determine the Regge limit of the conformal partial wave 
G^ff{Pi, . . . , P4). More precisely we want to confirm the small a behavior (|38|) of the functions / 
defined by 



G^P, . . . , P 4 ) = — X — V /*,(*, z) Tf 



r V& r H k 

Contracting both sides of this equation with T, MN we obtain 



MN 
k 



z,z 



where 



9v,A z -> z ) — ^13^24 VMM'VNN' + l W,J (Pli 

M k i(z,z) = rjMM'VNN'T? 



(94) 



k\I N'rpMN 



The matrix ftAki is symmetric and can be inverted. It is a simple and tedious computation to show 
that 



[M- 1 ] ( 



z,z) 



( O{a ) 0(0 O{a ) 0(0 \ 
0(0 0(0 0(0 0(a~ 3 ) 



in the limit a 



O{a ) 0(0 

Vo(0 0(0 

0. Therefore, if we can show that 



9v,j{z,z) ~ a 



O(a ) 0(0 
0(0 0(0 J 



gt tJ (z,z)~o* J 
9t,j( z >z) ~ o 2 ~ J ■ 



(95) 



then (38) follows 



In order to verify (95) we used the integral representation (93) and the explicit form of the 



three-point functions in the embedding space formalism which we shall explain in detail in [45]. We 
implemented the index contractions in Mathematics 10 and reduced the expression ( 94 ) to a sum of 
D-functions, 



9l,j(z,z)=J2 R i,A{ A ^ P ^ D MA 2 A 3 A 4 (Pu...,P4) , 
{A s } 

where R l u j are simple rational functions of the scalar products Py and 

-Da 1 a 2 a 3 a 4 (Pi,---,P4) = / dP 5 , A . 



(96) 



3 pA4 

15 A 25 1 35 ^45 



(97) 



3 We can provide the code to the interested reader. 
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with ^2 A{ = d as required by conformal invariance. Since the functions g l v j are only a function of 
the cross ratios, we can use conformal symmetry to fix the form of the external points Pi in (96) to 
be 



Pi = (1,0,0,0,0) , 
P 3 = (-l,z,l,z,0) 



P 2 = (-z, 1,1,2,0) 
P 4 = (0,-1,0,0,0) 



(98) 



where we have split 



n2,d 



(99) 



and used light-cone coordinates for both two dimensional Minkowski factors. The Regge limit is 
attained by writing z = ae p and z = ae~ p and letting a — )■ with fixed p. We have considered this 
limit explicitly for the functions R l v j up to J = 3 q and found 



K,j ~ ^ 



R 



V.J 



~ (7 2 



R u,J 

R U,J 



1+2-7 



This is compatible with ( 95 ) if 



^a 1 a 2 A3A 4 (-Pl, ■■■.Pa) ~ o- 1 



(100) 



for the choice (98) and for small a. Fortunately, this result can be easily obtained from the definition 



(97). First, we parametrize the integration point by 

ft = (y + ,y~,l,y 2 ,y±) , 

where the coordinates correspond to the split (99) and y 2 = —y + y~ +y\- With this parametrization 



the scalar products in (97) simplify to 



P15 = y~ 
P45 = -y H 



P2 5 = (l-y~)(z + y + ) + yl , 
P^ = {l + y + ){z-y-) + yl . 



In the Regge limit, the dominant contribution to the integral in (97) comes from the region y , y <C 



1, which corresponds to P5 almost null related to the external points Pi and P4. Therefore, we can 
approximate -DaiA 2 a 3 a 4 by 

dy + dy~dy± 

2{y~ + ie) A i (ae~P + y+ + yj_ + ie) A2 (aeP - y~ +y\ + ie) A $ (-y+ + ie) A * ' 



The change of variables y^ — )• ay^ , y± 



cry± immediately gives the leading behavior (100). 



C Some results on the E v tensor functions 

In this appendix we show in detail some results of section [4] that use the embedding formalism to 
make the action of the transverse conformal group SO (3, 1) manifest . We shall then consider a 
particular section of the light-cone to make contact with results derived by Lipatov [32] , who used 
complex coordinates on the transverse space M?. 

11 The running time of our Mathematica code increases very rapidly with J. 
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The building blocks in the expansion of the BFKL propagator (44), and also of impact factors, 
are the conformal three-point functions of two scalar fields of zero dimension and one symmetric 
and traceless spin n field of dimension 1 + iv. Placing the scalars at Z\ and £3, and the spin n field 
at z 7 , we have 

l+iv 

E?- an (zi,z 3 ,z 7 )=(^-) 2 T a ^( Zl ,z 3 ,z 7 ), 
\Z17Z37 J 

where z% are null vectors in M 4 and Zij = —2zi ■ Zj. The tensor T has weight zero, is symmetric and 
traceless, satisfies the z 7 ■ T = orthogonality condition 

;•,•„.'/'" =0, 

and is normalized such that T ■ T = 1. To find its explicit form it is useful to consider first the spin 
1 case, for which 

^17*37 ^ * ( 4 4 

It is also useful to define a symmetric rank two tensor 



T a ( Zl ,z 3 ,z 7 ) 



217 Z37 



~a „b 1 „b „a ~a~b i _,fe_a 
(Zl, z 3 , z 7 ) — T] H h 



Z17 Z37 
of weight zero and satisfying 

z 7a G ab = 0, Vab G ab = G a a = 2. 

The tensor G acts on T just as the metric 77, since 

G ab T b = T a , G ab T a T b = l. 

We may now define the tensor structure T for arbitrary spin n. It is given by 

T ai - an ( Zl ,z 3 , z 7 ) = T ai T a2 ■ ■ ■ T an - traces computed with G . 
In particular, for n = 2 and n = 3 we have 

rpaiO,2az _ rpairpa2rpd3 _ _ (rpdl Qa2<l3 , rpa2Qaia-J, t rpd-J, QClia,2\ 

4 

and so on. 



The tensor functions E v obey the important orthogonality condition (45). In the main text we 
postponed to this appendix the description of the tensors U and V that appear in this condition. 
The tensor U is simply constructed from the embedding metric 

Tjavanh.—bn — J_ f r) a l( & l r) l a 2| fe 2 . . . J<lra| b n )_ 

a t traces and b, traces both computed with V 
In particular, for n = 1 and n = 2 we have 



1 




2 




1 




4 





/ "|"J'''I ; 'J _ L ( ^1(^1 ^l a 2| b 2 ) _ 1 ^QlQ2 ^ fe l b 2 
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and so on. To define the tensor V it is convenient to define first a new symmetric rank two tensor 



of weight zero and satisfying 



~b _i_ „6 „a 

H ab = r\ ab — 75 75 
25-2:7 



z 5a H ab = 0, z 7a H ab = 0. 



It is important that 



VabH ab = H a a = 2 , H a h H bc = H a c = r] a b H bc . 



We can now define the tensor V by 

In particular, for n = 1 and n = 2 we have 

yob Jjab 



ya\a2b\b2 _ \ ^fja\(b\ jj\ci2\ 62) _ 1 Jj^a.2 jjb^^j 



[101) 



and so on. 



C.l Complex coordinates on IR 2 light-cone section 



To make contact with the notation used by Lipatov in [32], let us consider as light-cone section a 
Poincare patch and introduce complex coordinates z and z 

z a = (z + , z~ , z, z) = (l, |z| 2 , z, z) . 

The corresponding metric on M 2 has non- vanishing component g zS = g Sz = 1/2. 

Now we show that the tensor functions match those defined by Lipatov. First compute the 
projection of the tensor T introduced above. It is simple to verify that the only non-vanishing 
components of this tensor are 

J.Z---Z _ u ' c 7 u4l 7 rp _ (j.z\n 

8Z7 8Z7 

and its complex conjugate. The component t z is given by 

\zi - z 7 \\z 3 - z 7 \ f z 1 -z 7 z 3 -z 7 



\z\-z 3 \ \|zi-z 7 | 2 \z 3 -z 7 \ 2 



This component is precisely the e function of Lipatov. Next we must project the symmetric rank 
two tensor G a b at the point z 7 . The only non- vanishing component gives precisely the M 2 metric 

dz® dz b 

(-'ab — 9zz ■ 

z 7 oz 7 
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It is now simple to see that the only non-vanishing components of the projection of the tensor 
functions are 

v ~ dz 7 "' dz 7 I/ai "' a " " V \zi-z 3 \ J [ ' 

and its complex conjugate. This expression coincides with that given by Lipatov for E v , provided 
one replaces in our expressions v by 1v. 

Now we consider the projection of the tensors U and V, so we verify that the orthogonality 



condition ( 45 ) reproduces that of 132] . First we note that the only non- vanishing components of the 



projection of the tensor U are given by 

z-zz-z _ d 2 " 11 dz an dz bl dz bn 

U — K ' ' ' K K^T ' ' ' Q _ <J ai—a n bi—bn *■ j 
OZ OZ OZ OZ 

together with its complex conjugate. Note that in this case the projection is independent of the 
points z%. Next let us consider the projection of the tensor V. In this case we need to be careful in 
projecting the symmetric rank two tensor H to different boundary points z§ and z 7 , or to the the 
same boundary point, say £5. The projecting to the boundary points z§ and z 7 has non-vanishing 
components 

_ dz% dz% 1 z 5 - z 7 

OZ5 OZ7 2 Z5 — Zj 

and its complex conjugate. On the other hand, when projecting H to the same boundary point, 
say to 25, one obtains the metric tensor on the transverse space. In particular, 

o n _ 12 ab — ijzz ■ 

dz 5 dz 5 

Using the above general expression for V we conclude that the only non-vanishing components are 

dzl 1 dz% n dz) 1 8z b 7 n T/ _(z^-z 7 

and its complex conjugate. 



;>: dz dz dz Va ^bi-b n \z 5 _ E7 



D Spin 2 conformal integral 

The purpose of this appendix is to determine the conformal integral 

n l6 r 2 (*5.--7) 



/™ 2 (x, z 7 ) = / dz, irf^{x, zs) ^ , (102) 



where V is given in (101) and II is the spin 2 bulk to boundary propagator given in (50). The 
properties of the integrand guarantee that I mnaia2 (x , z 7 ) is traceless and symmetric in both pairs 
of indices mn and 0102- Moreover, it obeys the transversality conditions 

x m I mna ^(x,z 7 ) = z 5ai I mna ^(x,z 7 ) = 

and is a homogeneous function of weight and 1 + iv in x and z 7 , respectively. These features 
imply that 

I mnaia *(x,z 7 ) = i(^)n™ a2 (x,z 7 ) + £ mn(ai Z7 2) , 
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for some function S. We are not interested in the function £ because it does not contribute to the 
contraction i mna ^ (x, zj)I mn a a (x, zj) that we need in section 



4.4 



To determine the function l{v) we contract equation (102) with r\ mai r\ na2 . The left hand side 
gives 



2i{y) 



l+iv 



-2x ■ 

because the £ term drops out due to the orthogonality 'E mna zi m = 0. Using the contraction 

n a ^ b ^{x,z 5 )V blb2aia2 (z 5 ,z 7 ) = l . 

the right hand side becomes 

\X—iv A— / \ 



/ 



dz* 



■ITT 
V 



X 



{-2x- z 5 y- iu {-2z b - z 7 ) 1+iu v \-2x-z 7/ 
where the last integral was computed in appendix A. 2 of [31]. We conclude that 



ITT 

2u 



E Diagrams in figures [7^3 and [7]c 

In this appendix we complete the computation of the impact factors for a Weyl fermion and a 
complex scalar presented in sections 5.1 and 5.3 We shall compute the contribution of the diagrams 
in figures [TJa and[7[;, which give the extra delta function terms in (82) and (89). 

E.l Weyl fermion 

We consider first the contribution of the diagram in figure [TJd to the impact factor ( 73 ) and set 
03 = w% > o\ = w\ > 0, so that both points are in the patch V\. We may also set x = x\ and 
X3 = 0. The four-point function in (73) is given by 



1 



5ym 



rpA rpB e 

ij jk°ki 



(j m (x)jn(0)9-(w 1 )g B (w 3 )} = -c 
Tr {7™ {ip(x)^(wi)}^ (ip(wi) $(w 3 )} 7-. (ip(w 3 )ip(0)}-f n (tp(0) ip(x)}\ 



where the trace in this expression acts on the Dirac indices and all the color dependence is included 
in the factor TQ T^ k 5ki = C (R) 5 AB . Dropping the color delta function 5 AB , already included in 
the BFKL propagator, the contribution of the diagram in figure 17b to the impact factor is 



1 



„2\3 



Tr ^ 7 m X .■->,■ - , , > 

(x — wi) z + le [wi — wz) z + le 



'w 3 



In (-0x) 



U'3 



x- 



1 1 



7 
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where we recall that the Wi are parametrized as in ( 74 ) . We focus on the integration of the second 
and third line of the previous equation 



a\a\ I d\id\ 3 



-2{x-w{) a 



-2(wi - w 3 ) 1 



-2w c 3 



((x - wi) 2 + ie) 2 {(wi - w 3 ) 2 + ie) 2 ((w 3 ) 2 - ie W3 ) 2 



2x a 



(x 2 - ie x )' 
These integrals have poles at 



Tr { 7m7o7-767-7c7n7d 



1-7 



(103) 



Ai 
As 



-2x -zi + ie, 



-ie 



-ie . 



Ai ~ A 3 



oxQz(-2zi ■ z 3 ) 
cr 3 - 0\ 



ie, 



where we set e W3 = e because at A3 = we have ^3" = w 2 _ L /w + > and therefore w® > 0. 
Deforming the Ai integral in the upper half plane and the A3 integral in the lower half plane, the 
first line of (103) becomes 



-327r 2 o-icr3<9 Al d A 3 



(x - a\Z\ - \\n) a {o\z\ + Ain - a 3 z 3 - X 3 n) b (a 3 z 3 + A 3 n) c 



computed at Ai 



((x - a x z x - \\n) 2 ) 
2x ■ z\ and A 3 = 0. We can drop the derivative of the three terms in the 



numerator because these are contracted with the 7 matrices in (103): the first and third terms do 
not contribute because (7-) 2 = and the second term because we must have b = +. We may then 
replace the previous equation by 



-192vr z 



a; 



(-2x-zi) 3 {-2 Zl -z 3 + 



a) 



where 



a = — — (-2x- Zl ) > 0. 

a 3 ai 



and we recall that — 1z\ • z 3 = (zi± — z 3 ±) 2 . Using the representation of the delta function 



lim 



a 



a ^°{(zi±-z 3± ) 2 + a) 



n+l 



(z 1± -z 3± ) 

n 



(104) 



we conclude that, in the Regge limit of small x, we can replace the first line of (103) with 

.3 



-64vr° 



1^1 



(-2x- Zl ) 



6 (2) (zi± - z 3± ) 



and set b = +. Equation (103) becomes then 



-64vr d 



{-2x-zif 
Defining the radial delta function 

5W(z ± ) = ±5(zl), 



xo 5 (2) (Zl± - Z 3± ) -4r ^ \ lmla{-l-)lclnld 



1-7 



7T 



d(zl)5(z 2 ± ) = 1 
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a simple computation shows that ( |103 ) is given by 

100 2 d( u ) ( , r, + 2i„X m 

" 1287r -x^x-^) 4 ^ + (-2X-Z!) 

We can repeat the same computation but with cji = u>^ > 03 = u>.j~ > 0. In this case the 
pole structure is such that one obtains a vanishing result, so that the diagram in figure [7)3 orders 
the interaction points in light-cone time. If one of the interaction points, or both, are in the other 
Poincare patch V 3 , the non- vanishing contributions are given by the same result, still ordered in 
light-cone time. The other diagram in figure uh gives exactly the same result but will the opposite 
ordering in light-cone time. Thus, both diagrams in figures [Tjo and [7p contribute to the impact 
factor with 

k( ? C {R) 9 ^f [xr + zr) ■ 

E.2 Complex scalar 

We start again with the diagram in figure [TJd and consider the case with > and w 3 > 0, so 
that both points are in the patch V\. A simple computation gives 

2 



{i m {x x )j n (x 3 )g A { Wx )g A (w 3 )) = -c 2 (--£-) T t A Tf k 5 ki 

(Z(x 1 )Z( Wl ))X Ul -^(^l)^(^3))X 03 -(^(^3)^(^3)>(-U r )U ? (^(x 3 )^(x 1 )) 



where the propagators have no color indices. The contribution of this diagram to the impact factor 
is then 



c 2 
9ym 



C(R) (If)' M'WMoj/ d\ ld \ 3 



9 w7 , ~, ; ... d w - ) (105) 



[xi - wi) 2 + ie w i (wi - w 3 ) 2 + ie w s (w 3 - x 3 f 



l€ 



w 3 -x 3 



Or™ 1 O 



Now we focus on the integral of the second line of this equation 



a{o 3 I dAiA 37 1 , X»-7 ~yTT~ ^ 



(xi - wi) 2 + ie w i (wi - w 3 ) 2 + ie w s ( W3 _ X3 y 



ie 



W3—X3 



The poles are located at 



Ai ~ —2xi • z\ + ie , 

A3 ~ -2x 3 • z 3 - ie W3 = -2x 3 ■ z 3 - ie , 

\ . aia 3 {-2zi -z 3 ) 

Ai ~ A 3 ie, 

a 3 - o\ 

where at the second pole e Wl - X3 = e. Deforming the Ai integral in the upper half plane and the 
A3 integral in the lower half plane, and using the representation of the delta function (104), in the 
Regge limit the previous integral is given by 



lGvr 3 ^ 2 ) ( 



zi± - z 3 ±; 



(-2(xi -x 3 )-^i) 2 ' 
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Setting x « x\ — X3, a simple computation shows that (105) is given by 



k c 2 C(R) Q - X 2 mn + ^ 2f n - 3Z 4 mr ^ . 

As for the fermionic field, after considering the other possibilities for the signs of o\ and 03, as well 
as their ordering, we conclude the previous result gives the contribution of diagrams in figures [TJa 
and [Tj; to the impact factor of a complex scalar field. 
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